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Abstract 

The subject of this monograph is the estimation of the `true' distribution of long-term 
alcohol consumption, on the basis of scores from a short reference period. Two unobserv-
able variates A and E- representing, respectively, the `true' rate of consumption and the 
`true' average amount consumed on a single drinking occasion are introduced. Observ-
able variates L and X representing, respectively, the number of occasions in the reference 
period and the average amount per occasion, are defined at the individual level to follow 
the condensed Poisson and the gamma sampling distributions. The corresponding mar-
ginal distributions of L and X are derived by mixing the individual level distributions by 
three alternative parametric prior distributions. The `true' volume consumed by a ran-
domly chosen individual is defined as the product TI = A • E. The distribution for T is 
estimated from the observed marginal distributions for L and X. The main results of this 
study are the parametric models for distributions of T, fitted to Finnish samples for three 
survey years 1976, 1984 and 1992, separately for males and females. In addition to the 
main results, the modelling enables prediction and inference concerning the respondents 
in the sample. For that purpose regression techniques, based on the Bayesian approach, 
are developed. 

Keywords: distribution of consumption, time-variation of consumption, alcohol, con-
densed Poisson, gamma, inverse Gaussian, lognormal, mixture distributions, conditional 
predictions. 
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1 
Introduction 

The distribution of alcohol consumption in the general population is of importance in the 
epidemiological evaluation of both harm and benefits of alcohol. Especially the tails of 
the distribution - the proportions of very low and of very heavy consumers - are of inter-
est. The shape of the distribution has been the focal point of a long discussion among the 
alcohol research community, beginning with the work of Ledermann (1956). The initial 
hypothesis of Ledermann was that the volume consumed follows the lognormal distrib-
ution and that there is a fixed relationship between the mean of the distribution and the 
proportion of heavy consumption. Various control political aspects have been suggested 
and/or criticized on the basis of modified and weakened versions of Ledermann's hypoth-
esis (e.g. Bruun et al. 1975, Skog 1981, Duffy 1986, Skog 1993, Edwards et al. 1994, 
Skog 1995). At present, the interest in the shape of the distribution is more often based 
on epidemiological findings indicating that risk curves of various illnesses with respect 
to alcohol consumption are non-linear, see e.g. Duffy (1992). In particular, the risk curve 
of coronary heart disease has been found to be J-shaped (Poikolainen 1995). Thus, the 
distribution of alcohol consumption continues to have a major role in the evaluation of 
population risks of illnesses and harms and in the evaluation of potential effects of alcohol 
control policies. 

The basic design for studying the distribution of alcohol consumption is the cross-sectional 
sample survey. A common survey technique is to enquire about the respondents' actual 
consumption in a recent time interval called the reference period. Consumption scores are 
formed by summing the actually consumed amounts in the reference period for each par-
ticipant. The question studied in the present monograph is: How should one estimate the 
`true' long-run consumption distribution, in particular exceedance proportions or quan-
tiles, on the basis of actual consumption scores from a short reference period? 

Traditionally the long-term distribution has been assumed to be the of the same shape as 
the distribution of the reference period scores, after multiplying each score with a suitable 
constant. It is easy to see that the approach is flawed. For instance, take a short reference 
period such as one week, or an even shorter one, such as three days (Marmot 1980) or 
24 hours (Gordon et al. 1981; Nusser et al. 1997). In a sample there will usually be 
many persons with zero drinking score in the reference period although they are not ab-
stainers. With the traditional survey method, the reference period proportion of 0's causes 
overestimation of the proportion of population consuming less than a given low thresh-
old. The reason for this is that consumers drink in an irregular manner or - perhaps - that 
they are regular but infrequent drinkers and that the reference period has been placed be-
tween two drinking occasions. In practice it is not usually possible to distinguish between 
these sources of error with survey data. With a similar argument, the proportion of heavy 



drinkers in the reference period need not correspond to the long-run proportion of heavy 
drinkers. 

Let us rephrase the question statistically. The time-variability in an individual's drinking 
behaviour can be seen as a source of a random measurement error. It is well known that the 
presence of random errors does not bias the estimation of the mean. In the present case this 
means, for instance, that the reference period sample average is an unbiased estimate of the 
true long-term per capita consumption in the population. However, random errors produce 
a bias in quantile estimation (Fuller 1995), i.e. in the estimation of the distribution of 
consumption. 

We start by an introductory and statistically simple example illustrating the conceptual 
framework and the focus of the present work. The example deals with aspects of mod-
elling the drinking frequency - the amounts consumed per occasion will be introduced 
later and modelled in an analogous manner. In the example, we will consciously ignore 
the suitability of the model for describing Finnish drinking habits. 

1.1 An introductory example: the Poisson-gamma 
(negative binomial) mixture model 

Consider the empirical distribution of the number of drinking occasions during a week 
for a male population. Let L denote the number of drinking occasions for a randomly 
selected man. The possible realisations of the random variate L are 1 = 0, 1, ... In mod-
elling the distribution of L we recognise two sources of variation: the variation between 
different individuals in drinking rate, and the pure random variation within a single indi-
vidual over non-overlapping weeks during which his drinking rate remains constant. To 
express this idea formally we define A as the unobservable `true' drinking rate of a cho-
sen individual and LI(A = \) as the individual's number of drinking occasions during 
a week. The unobservable random variable A represents the between individuals vari-
ation and LI(A = \) the within-individual variation. A has a continuous distribution 
over the positive real numbers and a density fA(•) while the conditional random variable 
LI (A = \) has a probability function f L IA(• A) over the non-negative integers. By the law 
of total probability, the probability function fL(•) of the observable number of drinking 
occasions is, for 1 = 0, 1, ... , 

Pr(L = 1) = fL(1) = J F  fLiA( 1l A)fA(Ä) dA. 	 (1.1) 
0 

A particularly neat and classical special case of this general set-up was derived by Green-
wood and Yule (1920). Assume that A follows a gamma distribution with index r, and 
expectation µ, that is A — G(µ, i) and that LI (A = A) follows a Poisson distribution with 



expectation A, that is LI(A = A) — P(.A). The technical formulation is, for I = 0, 1, .. , 

fLIA(lR) = exp(—)) l 	 (1.2) 

and, for K,µ,Ä > 0, 

fA(A) _ (ti /L)k À exp{ — (K/µ)A} 	 (1.3) F(r,) 

where F(c) = fö t"—r exp(—t) dt. While (1.3) is not the most common parameterization 
of the gamma distribution it will be consistently used in the present monograph. A well 
known consequence of (1.3) is that the mean and variance of the drinking rate A are 

2 
E(A) = µ, var(A) = N-. 	 (1.4) 

K 

It follows on inserting the special distributions and (1.2) and (1.3) into (1.1) that L follows 
a negative binomial distribution with index and expectation µ, i.e. L — NB(lc, ic), with 
probability function 

K 	t 

Pr(L=l)=fL(1)= F
( ()l1) \k+µ/ (+4' 	

1 =0,1,.... 	(1.5) 

By (1.5) the observed population mean and variance of the number of drinking occasions 
are 

	

E(L) = µ, var(L) = µ+ N-• 	 (1.6) 
w 

Note that the mean of the observable L coincides with the mean of the `true' drinking 
rate A and, more generally, that all moments of the distribution of L are functions of the 
parameters of the distribution fA(•). Therefore, once we estimate the parameters t and µ 
from the observed distribution for L, we know fully the distribution of the unobservable 
drinking rate A. The within-individual random variation, represented by the distribution 
f L~AHA), is thereby separated away. A refined and smoothed estimate of the distribution 
of drinking rate in the population is, accordingly, the distribution of A with numerical 
values µ and k — the corresponding parameters estimated from the empirical distribution 
of L. A graphical illustration of the cumulative distribution of A is given in Figure 1, 
where the maximum likelihood estimates µ and k (see Johnson et al. 1992, p 216) are 
obtained from a male subsample of a survey conducted in Finland in 1992. 

Figure 1 shows also the corresponding cumulative negative binomial distribution with 
the same parameter values. The distribution function of A is continuos while that of L 
is a step function. Comparing (1.4) and (1.6) we note that while the means of L and A 
coincide their variances do not; on the contrary var(L) > var(A). This inequality is a 
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Figure 1. The cumulative distributions of the negative binomial and the gamma distribu-
tions with the same parameters, µ = 1.56 and h = 2.31, based on the drinking frequency 
of Finnish men in 1992. 
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natural consequence of the fact that the variation of L is composed of two components, of 
which the variation of A is one. Consequently, the distributions of L and A have different 
higher moments and shapes. The quantiles of L differ from those of A and, in terms of 
estimation, quantile estimates based on a sample from (1.5) are biased estimates of the 
quantiles of (1.3). 

In consumption surveys the distribution of L corresponds to the observed reference week 
sample distribution of the number of drinking occasions, and the distribution of A corre-
sponds to the `true' long-run distribution of the drinking rate. In Figure 1 the negative 
binomial quantiles exceed the gamma quantiles at the low end of the scale, i.e. the nega-
tive binomial model overestimates the proportion of infrequent drinkers with respect to the 
`true' gamma distribution. Similarly, at the higher end of the scale the gamma quantiles 
exceed the negative binomial quantiles and the negative binomial model overestimates 
also the proportion of very frequent drinkers. 

Thus, the use of the distribution function of L or the use of the actual empirical distrib-
ution to which L is fitted, leads to bias in the estimation of the quantiles of A. This is a 
mechanism analogous to the general case where random measurement errors in variables 
have a biasing effect on quantile estimation (Fuller 1995). 

The reader might want to examine graphs for the total volume consumed already at this 
stage. In Figures 25-26 on pages 76-77, model-based distributions derived in this work are 
displayed against the observed reference week sample distribution. The biases at the low 
and at the high end of the scales are analogous to those in Figure 1. The actual development 
of the models is the subject matter of this monograph. 

1.2 Outline of this monograph 

1.2.1 The general set-up 

The snag with the previous example is that we have to find two distributions fA(•) and 
f L IA(• A), specified up to a small number of parameters, such that when they are combined 
by (1.1) the resulting distribution fL(•) fits the observed distribution of L reasonably well. 
An additional complication is that the focus of policy interest is the annual consumption of 
alcohol, not only the drinking rate. Therefore we specify another unobservable population 
variate °, representing the average amount consumed at a single drinking occasion in 
centilitres of 100% alcohol. The variable - is related to the observed average per occasion 
amount X by an approach analogous to (1.1). After scaling, the `true' volume consumed 
in a year by a randomly chosen individual is the product T = A • E. The distribution of 
T is thus estimated from the observed distributions for L and X. The observable volume 
consumed will be denoted by Y, i.e. Y = L • X. 



Several random variables have now been introduced and it seems useful to illustrate the 
dependencies between them graphically. Figure 2 is drawn after the directed graphs used 
by Cox and Wermuth (1996), although in a simplified form. This type of graph allows 
easy reading of conditional independence statements needed later, for instance Y 1L AlL. 

A L 
o —3 • 

N IN 
o 0 

r l Y 
o — — — 0  

x 

Figure 2. A directed acyclic graph of the dependencies between the variables. A, ° and 
Y are, respectively, unobservable variables for the true frequency; the true per occasion 
amount and the true volume consumed with Y = A • . L is the observable random 
variable for the number of occasions in the reference period and X is observable average 
amount per occasion. Y is the observable total volume consumed, i.e. Y = L • X. A node 
o denotes a continuous variable and a node • denotes a discrete variable. A directed edge 
--p between two nodes signifies that the node to which the arrow points, the child node, 
is a response variable and the corresponding parent node is an explanatory variable. 

Later in this work we introduce the densities f.9 ,L(•Ie, l) and ff(-) for the amounts 
consumed per occasion, corresponding to f L~A(•I)) and fA(). We will call f L I A(-I A) and 
fX~ E ,L(• I 1) sampling or kernel distributions or, alternatively, individual level models to 
reflect the present application. Similarly we will call fA () and f f () either prior or mixing 
distributions or 'true' population distributions according to the framework. Finally, fL(') 
and f I L(•I1) are called either marginal or mixture distributions or observable aggregate 
level models. The richness of terms stems from different traditions and authors using 
mathematically equivalent models in different contexts but we will not try to unify the 
vocabulary. 

1.2.2 Limitations and aims 

Example 1.1 already points out the essential limits of the present work. As in the example, 
we will confine our interest to models where both fLJA(•I)A) and fA() have a parametric 
form, specified up to the values of the parameters. Similarly, the corresponding probabil-
ity functions and densities ff IE,L(•I 1) and ff(.) for the amounts consumed per occa-
sion will be assumed to have a parametric form. Suitable parametric choices for fA(), 
fLIA(•I)), ff(•) and f I ,L (I~ ,1) are explored for data collected on the drinking habits 
of the Finnish population, male and female, in 1976, 1984 and 1992. 

0 



However, it is clear that the setup (1.1) is but a special case of a much more general ap-
proach. A large literature is available for situations where no parametric form is assumed 
for prior distributions. Denote an arbitrary prior distribution function of A by FA(). A 
more general model corresponding to (1.1) might be written in the form 

fr,( 1 ) = f fz,IA( 11 A)dFn( ,\). 

Even in the general case the kernel fLIA (1 A) is usually assumed to belong to a known para-
metric family. In the present application there are, luckily, fairly good empirical grounds 
for choosing parametric kernel distributions fLIA(•~A) and fx J ,L(•~~,1). Further exten-
sions of the model might be to the case where a number of substrata of the sample have 
different kernels or to the extreme case where each observation i of a random sample has 
a kernel of its own, fz(liI'). Yet another generalisation is to the case where, instead of 
a single scalar parameter A, the kernel depends on a vector of parameters, an example of 
which is given in Chapter 8. While fL(•) above is a probability function we might for 
other purposes consider arbitrary marginal distribution functions, for instance, 

Fx(x) = f F'xi (xi~)dFF(~). 

The advantage of the generality is that the form of FA() is unknown and all parametric 
assumptions are somewhat arbitrary. The drawback is that when FA() is not assumed 
to belong to a parametric family, an estimate of FA() is, in the extreme case, available 
only as a step function with the number of estimated steps depending on the data set and 
the assumed kernel distribution. This would lead to practical and analytical difficulties 
for the tasks undertaken in this monograph. Maritz and Lwin (1989, Chapter 2) present 
an extensive review of the estimation of the prior distribution under many alternative as-
sumptions and models. To give a few examples, the non-parametric maximum likelihood 
(NMPL) method, introduced by Laird (1978), see also Laird and Louis (1987), treats the 
estimation of a very general model. A particular case addresses population heterogeneity 
between substrata by using finite mixture models. Nusser et al. (1996) propose 'semi-
parametric' transformation methods in an applied context similar to ours. At present the 
predominant methodology in the estimation of FA (•) in general and complicated situations 
is the Markov chain Monte Carlo approach (e.g. Gilks et al. 1996). 

Abandoning the generality and exploring parametric families of priors is based on several 
reasons. First, our personal opinion is that, as a first choice, parametric models with a small 
number of parameters are preferable to alternatives with a large number of (implicit or 
explicit) parameters. This is simply a preference for statistical parsimony over generality. 
A precondition for starting with parametric models is that the `look and feel' of the data 
is suitable and that in the end the parametric models describe the data reasonably well. 
We do not claim to know the parametric families of the prior distributions. However, we 
will be able to show that a trial and error search from among three well-known parametric 
prior families produces analytically derived marginal distributions with reasonably good 



fits to Finnish data from three large surveys, separately for males and females. Were this 
not the case, more general approaches would have to be considered. Secondly, our main 
aim is to provide a distributional model for the volume consumed and it is natural and easy 
to derive it analytically as a product of two random variates with known parametric forms 
- the alternatives are much more complicated in practice. Simultaneously it should be 
noted that our aim is restricted to entire population distributions: we will not be concerned 
with covariates such as social strata, age or the like, apart from gender. Thirdly, it is 
easier to communicate parametric models to researchers in applied fields, especially if the 
parameters have real-world interpretations, as in the present case. 

While the main aim of this study are the models for distributions of T, the modelling 
also enables predictions and inferences concerning the respondents in the sample. For 
that purpose regression techniques based, broadly, on a Bayesian approach, are developed. 
However, the emphasis of the monograph is on statistical modelling and the actual applied 
results are meant as illustrations. As noted in Chapter 11, there are numerous applied 
research questions for which the models developed should be suitable, also in fields other 
than alcohol consumption. Detailed applied work employing these possibilities are left 
for future research. 

1.2.3 An outline 

Chapter 2 describes the survey data used and the techniques used in the measurement of 
alcohol consumption in these surveys. 

Chapter 3 explores alternative models for f,~(•) and fLIA(•). The choice of fL I A(•) is 
relatively clearly indicated by analysis of the data but for the choice of fA (•) we study three 
different parametric families of priors. The corresponding mixed or marginal distributions 
fL(•) for the three alternatives are derived. 

In Chapter 4 we introduce the observed average amount consumed per I occasions, XIL, 
and the corresponding `true' quantity E. We study the choice of f Y I=,L (•) at the individual 
level and explore three alternative families for the prior ff(.). These three alternative 
families are, in fact, the same as for A. The choice of fX~=,L(•) is guided by analysis of 
the data. We derive f Y IL (•) for the three alternative priors. 

In Chapter 5 the principles of model checking are discussed and goodness of fit measures 
are introduced. Two of the alternative models fL(•) provide uniformly acceptable fits to 
the data sets for the years 1976, 1984 and 1992 and are therefore retained. For the amounts 
none of the alternatives f- IL() are as satisfactory as the models for fL(•) but we retain 
all three alternatives for further study. 

Chapter 6 treats the theory and practice of estimating the parameters of fA() and ff(.) 
with the maximum likelihood method from observed data on fL(•) and f 9IL(•). 



In Chapter 7 we combine the results from Chapters 3 and 4 to express numerically the 
fitted distributions for T = A . - under the assumption that A and E are independent. 
We propose three combinations of fA(.) and fE(.) for modelling the distribution of the 
product T. 

In Chapter 8 the independence assumption of Chapter 7 is relaxed and the consequences 
of covariation between A and E are studied. Correlation between A and E is found to be 
either very low or zero in Finnish data and negligible in practice. 

In Chapter 9 we compare the models we have developed for T with distributions of volume 
consumed, based on direct empirical estimates. The results are illustrated by Finnish sam-
ples for three survey years 1976, 1984 and 1992, separately for males and females. The 
proportion of within-individual and between-individuals variation out of the total variation 
in the observed volume consumed is examined. 

Chapter 10 explores an advantage of the present setup, namely that an individual's pre-
dicted true values of A or ° or the predicted future values of L can be based on the fitted 
distributions for A and E, respectively. The predictions are simply the expected values of 
the posterior distributions or, for L, of posterior predictive distributions and better than 
naive predictions based on the previous observed value. 

Finally, Chapter 11 discusses the advantages and disadvantages of the approach adopted 
here, some possible generalisations and applied work that might be based on the method-
ology developed in the present work. 
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Data 

2.1 Multiple data sets approach 

Ehrenberg and Bound (1993) have strongly advocated a multiple data sets approach in 
statistical work. The specification of complex statistical models may in fact be extremely 
sensitive to small changes in a single data set. Fortunately, in the present work we are able 
to use primary data from three large surveys belonging to the research programme of the 
Finnish Foundation for Alcohol Studies and carried out by the Social Research Institute of 
Alcohol Studies, in the years 1976, 1984 and 1992. The sample design, the questionnaire 
and the sampling scheme were kept constant in these studies. For a detailed description, 
see Simpura (1987a). 

An example demonstrates the importance of having multiple data sets. In Section 5.4 
three alternative priors fA(•) are compared. Stratifying each of the three data sets further 
into male and female subsamples we fitted the three alternative distributions to the six 
independent samples. The gamma assumption for fA(.) was somewhat better than the 
others in a single data set, 1992 males, but definitely worse than the other assumptions in 
the five other data sets. Had we based our conclusion merely on the 1992 male subsample, 
we would have reached a different conclusion. 

2.2 Consumption measurement 

The actual consumption measures used in this monograph are only one technique among 
many variants. The main alternative measurement approach, known as the Q-F measure, 
is to let the respondent summarize his/her quantity and frequency of consumption but 
there are a plethora of variants and combinations of other measures. No attempt to review 
these alternative techniques will be attempted here; instead, the reader is referred to the 
literature, see e.g. Midanik 1982; Alanko 1984; Duffy 1985; Midanik 1988; Simpura 
1988; Room 1990; Kuhlhorn and Leifman 1993; Romelsjö et al. 1995, to mention but a 
few. 

10 



We use retrospective interview-based recall data from the past seven days for estimation. 
However, the variable-length reference period method described in Section 2.2.2 provides 
individual level occasion-specific data beyond the reference period of one week. We are 
thus able to use individual level data analysis for guidance in model building. The variable-
length method guarantees that for each respondent at least three - and most often four - 
occasions are recorded, however remote from the interview. Even so, the number of points 
in the individual time-series is very limited for analytical purposes. We will have at least 
two inter-occasion intervals and the amounts consumed on at least three separate drinking 
occasions for each respondent to start with. 

Abstainers were defined in the three Finnish surveys as persons who reported no use of 
any alcoholic beverage in the past twelve months. Abstainers are excluded from the data 
sets, analyses and models presented below. 

2.2.1 	Retrospective recall: fixed reference period 

In this approach the respondent is asked in a face-to-face interview to recall each occasion 
of consuming alcoholic beverages in the preceding fixed time period, called the refer-
ence period, usually in reverse temporal order, and to give an account of the amounts 
of alcoholic drinks consumed on each occasion by beverage type. Interviewers are of-
ten instructed to provide memory prompts enabling the interviewee to connect drinking 
occasions to other events in their lives. The method is widely used in European and Scan-
dinavian surveys (e.g. Simpura 1987a; Lemmens 1991; Goddard 1991) and usually covers 
the seven days immediately prior to interview. For this reason it has been called weekly 
recall (Lemmens 1991) and last week's consumption (Duffy 1985). 

The outcome drinking frequency measure is either the number of occasions in the reference 
period, or the number of days in the reference period when any consumption took place. 
The basic amount outcome measure is, for each recalled occasion, the beverage type and 
the quantity consumed. An empirical sample distribution of the number of drinking occa-
sions in the past week can be constructed from the frequency measure. This corresponds 
to our variable L with possible values 0, 1, ... An empirical measure of the total volume 
consumed by a respondent is the sum of all amounts in the reference period, usually trans-
formed to centilitres ethanol. We note that for respondents with no occasions — although 
they are not abstainers — also the volume becomes zero. Finally, the sample distribution of 
annual volume consumed can be derived by multiplying the total weekly volume of each 
respondent by 52. All analyses presented below are such that only last week's data is re-
quired for the estimation of consumption distribution, first because last week's method is 
internationally widely used, more importantly, because one week's reference period treats 
all respondents equally with respect to slips of memory and other response errors. 
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2.2.2 Retrospective recall: variable-length reference period 

This method was developed in the Finnish survey tradition and has been in use since 1968. 
For details, see Mäkelä (1971) or Simpura (1987a). The method proceeds in two steps. 
First the respondent is asked to evaluate his/her customary drinking frequency according to 
a frequency classification scale. On the basis of the answer, a fixed length reference period 
is assigned to the respondent, the length ranging from one week for the everyday drinkers 
to one year for the most infrequent drinkers. The lengths are chosen so that on average 
four drinking occasions are expected to fall in the reference period. The second step is to 
map the actual drinking occasions in the reference period. This approach is referred to as 
the survey period method after Mäkelä (1971) by Alanko (1984) and Simpura (1 987a) and 
as the period estimate by Simpura (1988). Basically, with this method both the drinking 
frequency and the amounts consumed of each respondent are transformed into the annual 
scale by multiplying them with an appropriate constant. Because of the variable length 
reference period, there should be practically no volume zero scores among alcohol users. 
We shall use data based on this approach for individual level model specification but not 
for estimation. 
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3 

Models for drinking frequency 

In this chapter we model the observable number of drinking occasions, aiming at the `true' 
drinking rate A. In terms of Figure 2 on page 6, this means that we model the relationship 
A —#L. 

3.1 Individual level 

For modelling drinking frequency at the individual level we refer to a tradition of mod-
elling consumption or purchasing, developed in marketing research, see e.g. Gupta (1991) 
and references therein. Following this tradition we assume that the series of reference pe-
riod drinking occasions is a realisation of a stationary stochastic process with a given rate, 
say A. In alcohol surveys of the general population very few realised occasions are ob-
served for most respondents and a detailed analysis of the process is impossible. Two ex-
ceptions where longer records have been examined are by Ekholm (1968) and by Alanko 
and Poikolainen (1992). Ekholm's study is based on a non-representative and fairly small 
sample and the paper by Alanko and Poikolainen examines a very long record from a 
single individual. Both studies indicate high within-individual variation in the drinking 
frequency. 

3.1.1 	Inter-occasion times 

We use individual level data on the last four occasions preceding the interview, gathered 
through the variable-length measurement method. For model specification purposes the 
variance-mean relationship in these data is particularly interesting. A convenient starting 
point is to plot the within-individual standard deviation of the lengths of the inter-occasion 
intervals against the within-individual average length of the intervals. Figures 3 and 4 on 
pages 14-15 are typical examples of these scatterplots in Finnish data sets. The scatterplots 
exhibit a marked fan-shape, indicating that both the mean and and the variation in the 
standard deviation increases with the average length of the interval. Of course, it is natural 
to expect a sample standard deviation based on four points to show enormous sample 
variation, whichever the underlying distribution. 
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Figure 3. A scatterplot of the inter-occasion intervals, Finnish men, 1992. The figure 
shows empirical standard deviation of lengths of the intervals plotted against average 
length of the intervals. The graph is based on the intervals between the last four occasions 
prior to the interview in days. 
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A more concise idea of the structure can be obtained by grouping the average inter-
occasion lengths and calculating for each class the average of standard deviations within 
the class. Figures 5 and 6 on pages 17-18 show the data of Figures 3 and 4, respectively, 
summarized in this way. Figures 5 and 6 indicate a roughly linear relationship between the 
inter-occasion length standard deviation and the inter-occasion length average. Denote the 
sample inter-occasion length standard deviation by st  and the average inter-occasion time 
by t. Figures 5 and 6 can be interpreted as showing that st , as a function of t, is linear and 
passes through the origin, i.e. st 	CT where C is an unknown constant. This suggests 
that 

st 	at = Coefficient of variation = constant, 
t 	I-tt 

where yrt  and ttt, are the corresponding population parameters. A natural first assumption 
for non-negative variates with a constant coefficient of variation is that they belong to 
the gamma family of models (McCullagh and Nelder 1989, Chapter 8). In the present 
monograph we will adopt this assumption. 

Denote by T a gamma-distributed random variate describing inter-occasion times for an 
individual. For t > 0 and T > 0, v> 0, T has the probability density 

(v/r)V  t" —l exp{—(v/r)t} 
fT(t;T,v) = 	 F(v) 	 (3.1) 

By the properties of the gamma distribution E(T) = -r, var(T) = 72 /v and hence the 
coefficient of variation is 

and independent of T, the mean inter-occasion time. This gives a chance of estimating v 
from a sample of respondents with different and unknown values of T but with a common 
coefficient of variation and, thus, common v. Estimation of v can be based on several 
properties of the gamma distribution and a particular approach is described below in Sec-
tion 6.1.1 

Gamma distributions with integer-valued indexes v are often called Erlang(v) distribu-
tions. For example, the exponential distribution is Erlang(1). 

Empirically, the estimation procedure described in Section 6.1.1 gives parameter estimates 
close to v = 2 in Finnish alcohol consumption survey data. Estimates for different years 
and genders are given in Table 1 on page 19. 

If one is to choose between integers v = 1, 2, ..., then data from Finnish surveys point 
towards an Erlang(2) renewal process as a convenient approximation to the occurrence of 
drinking in time. As seen from Table 1, the approximation is not very accurate - in fact 
there appears to be an upward trend in the values of v. In the present work we will adopt 
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Figure 5. A grouped scatterplot of the inter-occasion intervals, Finnish men, 1992. The 
figure shows the group average of standard deviations of inter-occasion times plotted 
against class midpoints of inter-occasion times. The graph is based on the intervals be-
tween the last four occasions prior to the interview in days. 
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Year/survey Gender N Estimate of v 

1992 males 1532 2.12 
females 1432 1.80 

1984 males 1563 1.91 
females 1332 1.70 

1976 males 1169 1.67 
females 976 1.38 

Table 1. Estimates of v by the beta-moment method for the surveys of the years 1992, 1984 
and 1976 by gender 

the simplifying assumption that the inter-occasion times are Erlang(2) distributed. 

3.1.2 The individual level counting distribution 

If the inter-occasion times were independent and exponentially or Erlang(1) distributed, 
the occurrence of drinking occasions would follow a Poisson process. Denote by K (T = 
T) the number of occasions in a fixed period of length t for an individual whose mean inter-
occasion time is T. By the Poisson process assumption the number of occasions would 
have the P(t/T) distribution i.e. the probability function, for T > 0 and /, = 0, 1, ... , 

(t~)t 

Pr(k) = fKIT(k1T) = fIIA(k) = exp(—tÅ) /c! (3.2) 

where Ä = 1/rr is the rate of the process. 

It is not equally easy to write down the counting distributions for other values of V. How-
ever, for cases where v is a positive integer there is a simple theoretical model leading 
to a closed form expression. This is the `censored' Poisson process in which only every 
with event is counted. The distribution of intervals between remaining Poisson events will 
then be the Erlang(v) distribution and the counting distribution can be written by consid-
ering the Poisson events remaining after censoring. One should note that the `model' in 
question is used merely as tool for deriving probabilistic formulae in closed form and not 
for describing actual consumption behaviour. Consider first, for simplicity, the case where 
v = 2, the rate of the original Poisson process is A and the length of the period considered 
is t = 1. By reasoning on a Poisson process with every second event deleted it is seen that, 
forA>0andl=1,2,..., 
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Pr(0 occasions in period) = P(0; A) + 2 P(1; ,A) = e 	+ 

Pr(l occasions in period) = 2P(2l — 1; Ä) + P(21; A) + 2P(2l + 1; Å) (3.3) 

_ 	1 A211 	2? 1 A21+i 

e 

where P(k; A) denotes the Poisson probability of the value k. Chatfield and Goodhardt 
(1973) suggested the name condensed Poisson distribution for the distributions of type 
(3.3) and this name has become well established. 

From now on, we will adopt the following notational convention: We distinguish between 
the original Poisson count and the condensed Poisson count by denoting the first by the 
letter K and the second by L. Thus, for instance, the random variate K~(A = A) has the 
Poisson distribution and L (A = .\) has the condensed Poisson distribution. Similarly, the 
random variate K and the random variate L have the corresponding marginal distributions 
fit() and fL(•) obtainable by integrating over.\ with respect to a prior fA(•). 

Chatfield and Goodhardt (1973) give the expectation and variance of the distribution (3.3) 
as E(LIA) = A/2, var(LA) = 1A + le—Asinh(A) = + g(1 — e-2A ). Generalisation 
to values other than t = 1 are obtained by replacing A with to and extensions to higher 
positive integer values of v are also possible. 

In the sequel, we will want to denote the expected number of occasions in unit time pe-
riod by A and let A vary over the population of individuals. For mere scaling reasons we 
will therefore prefer using 2,\ as the original Poisson rate. Letting the original counting 
distribution in unit time be K~(A = A) — P(2A), that is Poisson with parameter 2A, or 

(2A )k 
frcIA(kL~) = exp(-2A) Ic! 	 (3.4) 

leads to the condensed Poisson distribution in the slightly different form. For .\ > 0 and 
l = 0, 1, 2, ... , LA has the probability function 

1 2A 21 i 	(2A)2' 	1 (2A)211 
fz I n(l~ A) = exp(-2A) 2 [(i — 	(21 - 1)! + ((21)! 	+ 2 (21 + 1)! ' 	

(3.5) 

where ö1,p is the Kronecker delta. The expectation of (3.5) is now E(LA) = A as desired, 
whereas var(LA) = 2 + 8(1 — e—tx). Derivations of the expectation and the variance 
are given in Appendix A. We denote this distribution by LA — CP(A). 
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3.2 Aggregate level: marginal counting distributions 

Next, we derive observable marginal distributions fL(-), given that L~(A = )) follows 
the condensed Poisson distribution (3.5). There seems to be no substantive ground for 
specifying the distribution fn (•) on the basis of consumer behaviour theory. Nor are there 
statistical grounds such as a conjugate family for the condensed Poisson. 

As emphasised in Section 1.2.2 we limit the search for suitable f,A(•) to parametric statis-
tical distributions with support on the positive real axis. Hoping to find alternatives with 
a consistent and reasonably good fit to multiple data sets, we select three two-parameter 
alternatives for fn(•), known for their flexibility of shape and easy interpretation of the 
parameters. These are (1) the gamma, (2) the inverse Gaussian and (3) the lognormal 
distributions. Appendix C reviews the main properties of these three distributions. The 
parameters of the three alternatives are denoted, respectively, by 0 _ {µ.i , ,3z }, i = 1, 2, 3 
and the distributions by G(fc l , X31 ), IG(~c2 „02 ) and LN(µ3 , i3 ). In each case the para-
meter fr, is the mean of the distribution fn() — or the mean of the corresponding normal 
distribution for the lognormal case — while the interpretation of /, varies. The marginal 
distributions fL(l; 8A) are complicated but they serve merely as tools for parameter esti-
mation and model checking. 

3.2.1 Mixed condensed Poisson distributions: general properties 

Assume now that the variation in the drinking rates between individuals can be represented 
by a random variable A with a continuous probability density fn() defined on (0, oo). 
Denote the number of drinking occasions in a unit time period by L. Using the rule of 
total probability, it follows from (3.5) that the marginal distribution of L is, for A > 0 and 
1=0,1,2,..., 

1 	

fo 

e—Za (2A)21-1 
fL(l) = 2 (1 — 61,o) 	 (2l — 1)!  

+  J
e 2a (2) )21 

o 
	(21)!  

1 	00 e-2a (2.x)2t+1 

+2 fo 	(21+1)! fn(~)dA 

= 1(1 — 61,o)frc( 21 — 1) + fx(2l) + 2 fic(2l + 1), 	(3.6) 

where fit() denotes the mixture distribution obtained by assuming the parameter ) of 
the original P(2.\) distribution to have the density fn(). Thus, fjf(•) is, for A > 0 and 

21 



fo

°- e-2A (2 \) ti' 
fr (k) 	ki 	fn(~)d~, 	(3.7) 

and fL(•) is a weighted sum of the fK(•) probabilities. We note the following useful 
general property of the distributions of which fK(•) is a particular case. For any constant 
c>0 

CA) 	 °° e-u 	e-x 
() 
.\ k 

f 	( 	fA(A)dA = f 	() f 1 (u)du = 
100" 

(3.8) 
where fcA () is the density of cA. In the present case with c = 2 we may thus equivalently 
proceed as if the Poisson parameter .\ is assumed to have the distribution of the variate 2A. 
This will be helpful in the derivation and computation of fL(•) and in scaling operations 
presented later. 

The mean and variance of L can be expressed using the well-known formulae 

E(L) = EA [E(LIA)] , 	 (3.9) 

var(L) = varA [E(L~A)] + EA [var(LIA)] . 	 (3.10) 

Substituting the moments of the condensed Poisson distribution from Section 3.1.2 we get 

E(L) = E(A), 	 (3.11) 

var(L) = var(A) + 2 E(A) + g — EA[exp(-4A)] 

= var(A) + z E(A) + 8 [1 — 	 (3.12) 

where £1 (s) = J° e— st fA(t)dt is the Laplace transform of fA(•) 

3.2.2 The CPG distribution 

The best known among the three alternative priors is the gamma prior A — G(ft1 , 01 ). 
The density of A is for positive argument .\ and parameters µl > 0,,31 > 0 

fn(~~ Ni„ffi) = 	F(/31)
(3.13) 
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Substituting (3.13) into (3.6) it follows that, for Ft1 > 0, /3i > 0 and l = 0, 1, 2, ... , 

1 	17(,Q1 + 2l — 1) //3i 	\ Q' / 	2µl 	\21_1 

= 2 (1 — S~ o) F(/31 )(21-1)! 2µl + 01)I (2N1 + 01) 
F(/31 + 21) / 	/ 2 	)21  

+F(/3)(2l). (\2µi+01) 	I\2µi+01 
+ 1 T(01 + 2l + 1) ( 	/ffi 	3' (2 ~2p, 	) 21+i 	

(3.14) 
2r(31)(21+1)! 2µl+01 	E1+ 01 

Being a mixture of a condensed Poisson distribution and a gamma distribution we will refer 
to (3.14) as the CPG(µl , 01)-distribution. The CPG-distribution is treated by Schmit-
tlein and Morrison (1983) under the name condensed negative binomial distribution, al-
though with a different parameterization from ours. It is seen from (3.14) that fL(•) is a 
weighted sum of negative binomial probabilities fK(•) in which, for k = 0,1, ... , 

fx(k; Ft l3 ) = r(~ + ) ( / 1a ( µ 1k- 
r(a)y! \Q+JA \0+A1 

More precisely, when L — CPG(p 1 , X31), fL(•) is a weighted sum of NB(21i1 , 01 ) prob-
abilities. This illustrates the property (3.8) because from A --- G(1i1i ,Q1 ) it follows that 
2A  

By the properties of the gamma distribution from Appendix Cl and by (3.11) and (3.12), 
it follows that the mean and the variance of L are 

E(L) = ,i, 	 (3.15) 

var(L) _ ~1 + 21 + g 1 — I 1 + 1FL1 i 	(3.16) 
\\\ 	Qi ) 1 

3.2.3 The CPIG distribution 

A second, alternative, assumption is that A follows the inverse Gaussian distribution which 
we denote by A — IG(p 2 , 02 ). The density fA (•) is, for .\ > 0 and parameters 122 > 0, 02 > 0, 

z 
fA(~;1L2, 02) = 	 3exp{ —~a2%LZ~F~2) 1. 	 (3.17) 
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Substituting (3.17) into (3.6) it follows that L has the condensed Poisson-inverse Gaussian 
or CPIG-distribution which, for l = 0, 1, 2, ... and 112 > 0, 02 > 0, has the probability 
function 

fL(l;112, ,32) = 1(1 — Sl,o)fx(2l — 1; 2112, 2/32) 

1 

	

+fx(21; 2[12, 2/32)+ 2fx(2l+1; 2112, 202). 	(3.18) 

In (3.18) fly(•) is the probability function of the Poisson-inverse Gaussian distribution, 
PIG, defined for k = 0, 1,... and Fe > 0, ,Q > 0 as 

2 	1 ~~ 
	2 

frc (; ft, ,3 ) _ — exp 	 2 	K~_ 	1 + — 	(3.19) 
~r ~. 	{ kl~ 

/

13 +21L) 	 µ 	2/3 

where K„ is the modified Bessel function of the third kind of order v. PIG was derived by 
Holla (1966) and is treated as a special case by e.g. Sichel (1982), Stein et al. (1987) and 
Johnson et al. (1992). Some properties of K„ are given in Appendix B and a derivation 
of the distribution (3.19) is given in Appendix D. In (3.19) Kv can be expressed in closed 
form as a finite sum because of the half-fractional order k — z in K k _ . Thus, also CPIG 
has a closed form. By (3.18) and (3.19), when L — CPIG(1t2 „Q2 ), fL(•) is a weighted 
sum of PIG(2p2i 2/32) probabilities. 

By the properties of the inverse Gaussian distribution from Appendix C2, the mean and 
variance of L are 

E(L) = µ.2 , 	 (3.20) 

3 8[t  
var(L) = µ2 + Y2 + [i_ex p ~2 1 — 1 + 2 	(3.21) 

02 

3.2.4 The CPLN distribution 

Thirdly, assume that A follows the lognormal distribution, A — LN(µ3 „03). The density 
of A is, for A > 0 and parameters —oo < le3 < oo, ,03 > 0, 
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2 

= 	1 	—lexp —
1 (log 2 [13) 	 (3.22) 

27x/33 	2 	~3 

The corresponding marginal distribution of L is the condensed Poisson-lognormal or CPLN-
distribution which, for I = 0, 1, 2, ... and —oo < /t3 < oo, X33 > 0, has the probability 
function 

h(l 113203) 

1 (1 — 61,0) ( 1 )~ 
low 

Å21-2ex 	
A — 1 (log —µ3—log2)z }dÅ 

2 	2133 21-1 . 	p 	03 

+ 1 
	1 	

"o X21—lex — — 1 
	 —µ3 —log2 2dÅ 

	

j27r~33 2l! 	 p 	2 
(100 
 03 	) 

1 	1 	( 1 ) I r°° 21 	1 (100 — µ3 — log 2" Z 

+ 	 J 	exp 	\ — — 	 d\. 
2 27x,33 21 + 1 ! 	 2 	03 

(3.23) 

The integrals in (3.23) cannot be expressed in closed form. The CPLN-distribution is 
a weighted sum of Poisson-lognormal or PLN-probabilities - sometimes called `discrete 
lognormal' ( Johnson et al. 1992 p. 301). For /c = 0,1, 2, ... and —oo < tt < oo,/3 > 0, 
the FLN-distribution has the probability function 

~  

	

fx(k; [t, 0) = 	 i f v~ lexp —v — 1 
(logV_~,) 2

dv. 	(3.24) 

	

272 k. 	 2   

When L — CPLN(µ3 , /33), fL(') is by (3.23) a weighted sum of PLN(µ3+ log 2„133) 
probabilities. By the properties of the lognormal distribution from Appendix C3, the mean 
and variance of L are 

1 
E(L) = exp(µ3 + 2 33), 

2µ3 t 	Qj _ 	2 var(L) = e e (e 	1) + 2exp(µ3 + 2~3) 

1 	/ 1 {i(lot_/13)2  
+ — 1 	f t exp — — 	2 	— 4t dt .(3.26) 

8 	27,-3 0 	 2 	~3 

(3.25) 
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Models for the amounts 

In this chapter we turn to the amounts consumed on single occasions. In terms of Figure 
2 this means that we model the relationship HE —> X, noting that X also depends on L in 
the sense that it is conditional on the number of occasions observed. 

4.1 Individual level 

We base the individual level data analysis on the amounts consumed by each respondent 
on the four latest drinking occasions in Finnish surveys. The data is obtained through 
the survey period technique described in Section 2.2.2. In Figures 7 and 8 the within-
individual standard deviation of the four consumed amounts is plotted against the within-
individual average amount on the four occasions, for men and women in the 1992 survey, 
using the same grouping technique as previously in Figures 5 and 6. The figures suggest 
that the within-individual coefficient of variation of the amount per occasion is close to 
constant in both data sets. 

Accordingly, the first choice for modelling the within-individual per occasion amount is 
again the gamma family of distributions with an index, say S, constant in the population 
and a mean per occasion amount, say , varying between individuals. An important advan-
tage of the gamma model is that the family is closed under addition and averaging. This 
is helpful because the volume consumed by an individual is a sum of the random amounts 
consumed on different occasions. Addition and averaging within the gamma family can 
be described as follows. If X1, .. . , Xi are independent, identically distributed G(~, 5) 
variables, their sum Y = Xl + ... + X1 is distributed Y~ (L = 1) — G(1~, 5) while their 
arithmetic mean X = 1 	Xi is distributed X t (L = 1) — C(, 15) 

Denote by the long-run amount an individual belonging to a given population tends 
to consume on a single occasion. Assume further that, given , the amounts consumed 
on different occasions by the individual can be represented by independent observations 
from the gamma G(~, S)-distribution. Denote by X ~ (E = ~) the variable representing the 
individual level amounts, i.e. X( (EE = ~) — G(~, S). In the sequel, we use mainly the 
average amount per occasion consumed on I occasions, 	,1), which, for > 0, 1 = 
1, 2,... , ~ > 0 and 5> 0, is assumed to have the gamma density 
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The figure shows the group average of'standard deviations of amounts plotted against class 
midpoints of amounts in cl ethanol. The graph is based on the amounts consumed on the 
last four occasions prior to the interview 
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(16/~)' s v zb—'exp{—(1S/e)} 
fxIE,L( 	1 ; 6) = 	 F(16) 	 (4.1) 

We do not assume each population to have the same value of the index 6. Instead, we 
merely assume 6 to be a constant within each population considered. 

There are, of course, alternatives to the gamma approach. One possibility is to take loga-
rithms of the individual amounts which, under the gamma model, would lead to approxi-
mate normality (McCullagh and Nelder 1989). Work under normality assumptions could 
then build upon the large available literature. However, while the logarithmic scale ap-
proach is feasible, transformations back to the original scale are problematic and clumsy 
from the point of view of additivity and work on the original scale is preferable. In the 
sequel, we rely on the gamma approach. 

4.2 Aggregate level: marginal distributions of the 
average amount conditional on l occasions 

We derive next the observable marginal distribution fx IL(') for 1 = 1, 2, ... and assuming 
that X ~ (=, L) — G(~, lo). Again, we know of no theoretical or substantive grounds for 
choosing a parametric prior density f f (•). Thus, for specifying f f (•) we use once again (1) 
the gamma, (2) the inverse Gaussian and (3) the lognormal distributions. The parameters 
of the three alternatives are denoted, respectively, by 8 _ {v2, y2 }, i = 1, 2, 3 and the 
distributions by G(vl , -y l ), IG(v2 i 72 ) and LN(v3 i y3) 

4.2.1 Mixed gamma distributions: general properties 

It is assumed that the random variable ' has a probability density f f (• ), defined on (0, oo), 
and a vector of parameters 9. Hence the marginal distribution of X, given l occasions is 

fxIL(ti~l; 8, 6) = f000 
1; b)ff(~; 9E)d~. 	(4.2) 

The mean and variance of X based on l occasions are next derived from the formulae 

E(X 11) = E= [E(:,1)] , 
var(l) = varE [E(X ~E, 1)] + EE [var(X~E,1)] . 
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Because X1 (H-, L) — C(, l6) it follows that E( , 1) _ and var(XI~, 1) _ 
Further, it follows that 

var= [E(X ~EE, 1)] = var(), 

E= [var(X~E,1)] = (1/16)E(~2 ) = (1/16) [var(E) + E( 2]. 

Gathering the results, the mean and variance are 

	

E(.1) = E(E), 	 (4.3) 

var(X11) = var( ) + l6 var(-) + [E(:)}2]. 	 (4.4) 

4.2.2 The GG distribution 

Assume first that - — G(v l ,y1). Substituting (4.1) and the gamma fE(•) into (4.2) 
and using (B.1) from Appendix B the marginal distribution is obtained. For 1 observed 
amounts, the density of X IL is, for :c > 0,1 = 1, 2, ... and vl > 0, yl > 0,6> 0, 

2  
 ti 	'Y1 	 vi 	

(1b+~)/2 	 l6y
f IL(I 1 ; v1, 	, 6) =

F(ls)F(Y1) (L-1-1) 	
2 	

i 
vl 

(4.5) 
As (4.5) is the mixture of a gamma distribution by a gamma distribution, we refer to it as 
the GG-distribution. A similar derivation is given by Bhattacharya (1966) in a life-testing 
context but with a different parameterization for the gamma distribution. 

Using the mean and variance of G(vl, yl ) from Appendix Cl it follows from (4.3) and 
(4.4) that the mean and variance of GG(l, v1, yl , S) are 

	

E(X11) = vi , 	 (4.6) 

var(X) = vl + 1 (L1 + v
/ 

l I . 	 (4.7) 
yi lb 'Yl  

4.2.3 The GIG distribution 

Assume secondly that E — IG(v2i 72 ). Substituting (4.1) and the inverse Gaussian ff(•) 
into (4.2) and using again (B.1) from Appendix B the marginal distribution is obtained. 
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For 1 observed amounts, the density of X ~L which we will refer to as GIG, is, for x > 
0,1 = 1,2,... and vz > 0,72 > 0,6 > 0, 

	

'Ya 2 	lS ib 
	+ "72  

fIL(l;v2,%2,S) = ( ) (
21u6f 

Y2 	

)_[16+1 

 

xexp ( rye
J 
inb lIf~b+! 	

21 y2 2 + Yz . 	( ) \ 	 4.8 
V 2 	v2 

Using the mean and variance of IG(v2 i 72 ) from Appendix C2 it follows that the mean 
and variance of GIG(1, v2 i -y2 , S) are 

	

E(X Il) = v2i 	 (4.9) 

var(1) _ 72 + 
	
(v2 + v2 . 	 (4.10) 

	

72 	l S Y2 

4.2.4 The GLN distribution 

Consider thirdly E — LN(v3 i -y3). Substituting (4.1) and the lognormal ff(•) into (4.2) 
the marginal distribution of XL which we will refer to as GLN is obtained. For > 
0,1 = 1, 2, ... and —oo < v2 < ox,-y2 >0,6>  0, the density is 

2 
1 	ia cb-1 	v3 fxiL( ~12 vs,'Ys) S) = 	F(16)73 (16) x 

	exp{— 2} 	 4.11 
2~r

'Y3 	 ( 	) 

x f C. ~ —lb—lexp{-16.
;vI—(l2gYs)

Z + v31 g }d~. 

Using the mean and variance of LN(v3i 73), given in Appendix C3, the mean and variance 
of GLN(l, 1)3,73 ,6) are 

E(X 1) = exp(v3 + 2 Y3), 	 (4.12) 

var(l) = e2v3e (e73 — 1) + lS (e
2v3e (e y3 — 1) +exp(2v3 + 

(4.13) 

31 



5 

Model checking 

Suitable although well-worn mottoes for this chapter might be G.E.P. Box's famous dictum 
`All models are wrong - some are useful.' and the following quotation from Cox and 
Hinkley (1974, p 5) `Nevertheless the introduction of probability distributions does seem 
a fruitful way of trying to separate the meaningful from the accidental features of the 
data.' The present applied context makes it indeed clear that at best fA(•) and ff (.) can 
only be crude approximations to the `true' population distributions. Indeed, why and how 
would the individuals in a society collectively adjust their consumption so as to exactly 
imitate fairly simple mathematical formulae? It does not therefore make much sense to ask 
whether the models proposed in this monograph are wrong: they are wrong. All that can 
be empirically required is that the observable implications of the models agree reasonably 
well with existing data. 

We have already started the empirical model checking process at the individual level in 
Sections 3.1.1 and 4.1 and arrived at the assumptions LIA ti CP(A) and X (E, L) -
G(~, lS) for the kernel distributions. As fA(•) and ff(•) are unobservable priors, we will 
examine the assumptions concerning A and El by comparing the corresponding derived 
marginal models fL(•) and f_k(.) with survey data. We will use both graphical compar-
isons and numerical goodness of fit measures. Goodness of fit is, unfortunately, often 
associated merely with goodness-of-fit tests in a conventional hypothesis testing frame-
work. 

5.1 Goodness of fit measures and hypothesis testing 

Classical hypothesis testing involves setting up null hypotheses, deriving test statistics, 
evaluating the power of the tests against alternatives and putting emphasis on the rejection 
of the hypotheses and the calculation of significance probabilities. A typical goodness-of-
fit test null hypothesis would be: 

Ho : The observable random sample {l l ,12i . .. l,t}is generated by fL(l; B A ), 

where fL(l; BA) is one of the marginal distributions CPC, CPIG or CPLN derived 
above and 9A are the estimated parameters of the distribution. When the observable ran-
dom sample represents the drinking behaviour of the Finnish population and fL (l; BA) is 
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one of the smooth and regular two-parameter distributions described above, it is a pri-
ori certain that Ho is untrue. While too extreme in many contexts, here Savage's (1957) 
dictum seems to strike a chord: `Null hypotheses of no difference are usually known to 
be false before the data are collected; when they are, their rejection or acceptance simply 
reflects the size of the sample and the power of the test, and is not a contribution to sci-
ence.' A less zealous version might be that we are interested in practical, not statistical 
significance. 

Below we will face two situations. For the frequencies some of the models proposed are so 
close to true that even our fairly large sample sizes are unable to reject them. Undoubtedly, 
still larger samples would. For the average amounts per occasion the models proposed are 
`wrong but not far wrong' (Bishop et al. 1975) and rejected by the large sample sizes. 
The hypothesis rejection angle to goodness-of-fit tests is not very relevant in our context. 
However, the test statistics themselves are useful goodness of fit measures in providing 
numeric summaries of the deviations between observed and theoretical models. 

5.2 The G2  goodness of fit measure for the frequency 
models 

The distributions CPC, CPIG and CPLN which are proposed for fL(•) are discrete 
distributions with support on non-negative integers and the classical goodness of fit mea-
sure is Pearson's chi-square. According to Bishop et al. (1975), however, the preferred 
choice is in our case the G2  likelihood ratio statistic because we use maximum likelihood 
estimation. Consider a sample S of n respondents to a consumption survey. Denote by 
Si , i = 0, 1, 2, ... , the subsample of respondents with i recorded occasions in the refer-
ence period and let the number of respondents in Si be ni so that n = E z  n.. Thus, we 
have the vector of observed frequencies {n2}, i = 0, 1, 2,  ...  Define the corresponding 
fitted values as {mZ}, i = 0,1, 2, ... , where mi = n fL(i; 9A), i = 0,1, 2, ... and BA is 
the vector of maximum likelihood estimates of parameters estimated from sample S. Then 
G2  is defined as 

m2 
GZ  = — 2 nilog — 

2 ni  

= 2 	Hilo
g (Mi ni / 

whereas Pearson's chi-square X2  is 

X2  =E (ni—m2)z  

i 	inni 
z 
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Under a true null model both G2  and X2  are asymptotically distributed as x2  with degrees 
of freedom appropriate for {in.z}: in practice the number of Si's considered minus one 
minus the number of parameters estimated. It is obvious from the definition that if the 
fitted values are obtained by maximum likelihood, then G2  < X 2  - but the difference is 
often negligible. (However, when the null model is not true G2  and X2  have different 
asymptotical behaviour!) In practice, considerations familiar from the widespread use of 
Pearson's X2 , such as pooling tail probabilities when the fitted values get small, apply 
also to G2. For details and proofs on G2  the reader is referred to Bishop et al. (1975, 
Chapters 4 and 14) 

5.3 Goodness of fit measures for average amount per 
occasion models 

For average amounts per occasion, X, the case is more complicated than for the frequencies. 
First, the distributions of average amounts per occasion are continuous and complicated. 
A graphical assessment of closeness of fit can be based on the comparison of the his-
togram of the empirical distribution with the theoretical density in an overlay plot. The 
histogram requires classification of the empirical distribution into discrete, exhaustive and 
non-overlapping classes, a task which leaves much subjective freedom to the researcher. 
Naturally the classification also means some loss of information. An obvious alternative 
is to plot the observed empirical cumulative distribution, EDF, and the cumulative distrib-
ution of the theoretical distribution, say F. (x) = fö f Y  (u)du, in an overlay graph. The 
EDF graph reveals features in the empirical distribution sometimes hidden by a histogram, 
such as clumping of values. There are other well-known graphical devices for distribu-
tional assessment such as Q-Q plots (e.g. Cleveland 1994) but these are mainly useful for 
small sample sizes and simple theoretical distributions. To proceed to model checking, 
we first need a definition of the unconditional observable distribution f (•) which can be 
compared with actual observed survey data. 

5.3.1 Marginal average amount distributions as finite mixtures 
with empirical weights 

The marginal distributions of observable average amounts GG, GIG and GLN given in 
Sections 4.2.2-3.2.4 are conditional on I and thus describe only samples where each re-
spondent has the same number of observed occasions. With the variable-length reference 
period method of Section 2.2.2 this condition is met for values of l up to 4. However, 
we focus our modelling and estimation efforts on past week's data, i.e. on a fixed length 
reference period. As can be seen, for instance, from Tables 2- 7, on pages 39-41, the em-
pirical distribution of the number of occasions in the past week is very skewed in Finnish 
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data. The observed sample distribution of average amounts per occasion is actually a fi-
nite mixture of Xil's where the only difference between the components is assumed to be 
the value of 1. 

We define a finite empirical mixture of variables R/ as follows. Denote by ni, i = 
1, 2, ... , the number of respondents in a subsample with exactly i occasions in the refer-
ence period and let n+ = Ei>1 ni  be the total number of respondents with at least one 
drinking occasion. Define the weight wl = nl /n+ as the sample proportion of respon-
dents with exactly I occasions out of those with at least one recorded occasion. Denote 
the parameters of a prior distribution ff(.) by 9E and the corresponding average per oc-
casion amount density, fora given 1, by fY IL(:rIl; 9E, 6). Then, the models for observable 
marginal distributions of average per occasion amounts are of the form 

fX( 2;8  ,6 ) _ 	wlfXIL(tiI1;0= 6). 	(5.1) 

1>1 

Substituting GG (4.5), GIG (4.8) and GLN (4.11) each in turn for f x IL(2i1; 8_, 6) in 
(5.1), the finite mixtures are defined for our three alternative priors. The formula (5.1) 
is a semi-theoretical model and it will be used in model checking after substituting the 
estimated parameters 9 and 6 in each case. The reason for this approach is that we wish 
to check the models for the frequencies and the amounts per occasion separately. When 
checking the amount models we therefore compare models of type (5.1), involving only 
parameters and assumptions related to amount models, with observed survey samples. 

As an interesting aside, note that the full theoretical model for the density of X, given 
> 0, is of the infinite mixture form 

00 
  

fL(l;B A) 	
fxlL(till; Bs, 6), 	(5.2) 

1_1  
where fL(l; 9) is a probability function of L from Section 3.2 and 1 — fL(0; OA) is a 
normalizing factor accounting for the zero truncation. The formula (5.2) involves simul-
taneously the models and assumptions both for the frequencies and the amounts but is 
obviously more difficult and ambiguous to use in model checking. We will not use (5.2) 
in the sequel. 

5.3.2 The Pearson chi-square test and EDF-tests for the average 
amounts models 

Luttinen (1996) gives a review of recent literature on goodness-of-fit tests. According 
to the review the Pearson chi-square test is fairly powerful when the sample size is large 
with respect to the number of classes used. For the distributions fx (•) in the form (5.1) the 
calculation of even the Pearson chi-square goodness of fit measure is not trivial. We point 
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out some details of the calculation of the Pearson chi-square for the purpose of illustrating 
the computational difficulties in more powerful goodness-of-fit tests. Using the notation 
of Section 5.3.1 let the subsample of respondents with at least one drinking occasion in 
the reference period be S+: (x, 1) = {(21,1l), (2,12), (13,13), ... , (in+,1,,+)} , where 
.Tj is the average amount consumed by the j th respondent and let, as before, w1 be the 
proportion of respondents with l observed occasion out of the n+ respondents with a non-
zero number of occasions. Thus we will compare the empirical distribution of X, with the 
corresponding semi-theoretical distribution defined in (5.1). Define a finite set of 11I non-
overlapping intervals covering (0, oo) with class limits (t, t +1 ) and with the customary 
assumptions tz < ti+r, t l = 0, tM+l = oo. The Pearson chi-square is now as above 

Xz 

 

	

nr 	z 

= 
	(n•z 

—1 

but ni is the number of respondents whose average amount Ti falls into the interval {ti < 
Ti < ti+l }. The difficulty is in evaluating {mZ}. For instance, if we assume the GIG-
model (4.8) for the average amounts per occasion we get for ini the formula 

/'t;+1  

= n+ .f ~'WJXIz (till; B~, b)d 
t= 	1>i 

 + /t'+'~ wl 	(lS ib 
2lvzS:c+V Y2

72 	) 
xex ~z 	13 _1 K , 

	
2löyz ti + Yz 

p~U2 ~ 	z 	 d 

	

+- 	z 
2 

—n 	f t i ryz2 lSl is 
21v2S:~ +vZ Y2 z 	z

+ 	i 	1 27r F(lb) ("/ 	72 

i 	z 
xexp 	

''i 	Yz + %z d2. 	 (5.3)  v 2 	lb+z 	v2 
2 

The distribution function of GIG cannot be expressed in closed form and thus (5.3) must 
be evaluated numerically. The calculation of X2 is thus time consuming even when the 
number of intervals ill is fairly low. 

Advantages of the Pearson chi-square goodness of fit measure are that it's distribution is 
known when some of the parameters are estimated from the data and that it is possible 
to calculate X2 even for fairly complicated distributions. Two further properties of X2 
are of interest. First, when estimation is based on ungrouped data like in our case but 
X2 calculated from grouped data, the limiting distribution under the null model is not 
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X AI—s-1, where sis the number of parameters estimated. Instead, the limiting distribution 
is bounded between xn1—s-1 and 1nI-1(Bishop et al. 1975, p 523). This complication 
will be ignored in the sequel. Second, for models that are 'wrong but not far wrong', X2  
increases not only as a function of the distance from the true model but also as a function 
of the sample size. In these cases the sample size dominates the value of X2  making it a 
bad comparative goodness of fit measure. Bishop et al. (1975, p 329-330) suggest that 
better comparative measures can be obtained in this case by first subtracting the degrees 
of freedom and then dividing X2  by the sample size, especially if the sample sizes are 
large and vary between the data sets. 

Other goodness-of-fit test statistics might equally well serve as measures for closeness 
of fit. Undoubtedly the best-known among these is the Kolmogorov-Smirnov test. The 
Kolmogorov-Smirnov test is based on the empirical distribution function, EDE In general, 
parametric EDF-tests are more powerful than the chi-square test. There are, however, 
problems in the Kolmogorov-Smirnov test for our f x (•) models. First, the test statistic is 
in our case of the form 

D = sup I F+(2) —  
xE t+  

where F+ (it) is the EDF from a sample of size n.+ and FX (.x; 0a, 8) is the distribution 
function of the type (5.1) for one of the alternatives GG, GIG or GLN. It was noted 
above in connection with formula (5.3) that the evaluation of FY (i; 9 , S) is slow even 
for the 111 class limits needed to calculate Pearson's chi-square. To calculate Kolmogorov-
Smirnov's D, F(; 9, 6) would have to be evaluated for each respondent in the sample 
S+, the sizes of which range between 500 and 1000 in our samples (see Table 8 on page 
42). Secondly, the distribution of D is not known when the parameters have been esti-
mated from the data. To use the non-parametric version leads to far too conservative tests 
although this might not be a problem if only closeness of fit is compared among differ-
ent models. The only way to use a parametric Kolmogorov-Smirnov test appropriately 
is to obtain the distribution of the test statistic and thence the significance probability by 
simulation. Obviously, this multiplies the computational burden at least by the number of 
replications required (say, 100-1000) until it becomes in practice too resource consuming 
in comparison to the benefits obtainable. 

There are well-known variants of the Kolmogorov-Smirnov statistic such as the Cramer-
von Mises statistic and the Anderson-Darling statistic, based on different weight functions. 
On the basis of power comparisons Stephens (1986, cited in Luttinen 1996) recommends 
the Anderson-Darling statistic as an omnibus test among parametric EDF-tests. While this 
sounds appealing from a test theoretical point of view, computational problems described 
above in connection with the parametric Kolmogorov-Smirnov test prevent in practice the 
use of the parametric Anderson-Darling statistic as a goodness of fit measures for fX(•). 

An additional problem will be pointed out later at the end of Section 5.5, once we have 
examined the EDF's graphically. 
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5.4 Model checking for the drinking frequency models 

The distributions (3.5), (3.14), (3.18) and (3.23) were estimated by the maximum likeli-
hood method (see Chapter 6) from survey data sets and the goodness of fit of the distri-
butions were examined by comparing the expected with the observed frequencies and by 
the G2  goodness of fit measure defined above in Section 5.2. The 1992, 1984 and 1976 
Finnish consumption survey data were used and the distributions fitted separately to male 
and female subsamples. The results are given in Tables 2- 7 on pages 39 -41. The caption 
of Table 2 gives the essential details, not repeated in the rest of the tables. 

Examining Tables 2 - 7 it is obvious that both CPIG and CPLN provide consistently 
good fits to these large data sets and differ little from each other. However, CPG performs 
less well. It's G2  is 3-5 times that of CPIG and CPLN in all but the 1992 male subset 
for which it provides, in fact, the best fit. These data leave us in practice two best choices, 
the inverse Gaussian and the lognormal distributions for fA(.) to be decided by other 
means, such as convenience of estimation and suitability for further modelling. For some 
purposes, even CPG might be suitable. One should also note the extremely bad fit of 
the one-parameter CP-distribution. The fit is so bad that, very cautiously, this might be 
interpreted as yet another indication that both within and between individuals variation is 
present in the data sets. 

To double check the individual level Erlang(2) assumption against the simple Poisson 
or Erlang(1) alternative at the aggregate level, the Poisson, negative binomial, Poisson-
inverse Gaussian and Poisson-lognormal distributions, based on the Erlang(1) assumption, 
were also fitted to the same data sets. The fits as measured by G2  and comparison of 
observed and expected frequencies were consistently far worse than for the Erlang(2) 
based distributions (results not shown). Thus there is empirical support for the condensed 
Poisson/Erlang(2) models, both directly at the individual level and, indirectly, against the 
Erlang(1) alternative at the aggregate counting distribution level. 

5.5 Model checking for the amount models 

The parameters (vi, -yi , S), i = 1, 2, 3, corresponding to the priors G(vl, -y l  ), IG(v2 i  72 ) 
and LN(v3i -y),  were estimated with the maximum likelihood method (see Section 6.2.2) 
from the Finnish survey data sets and the goodness of fit of the corresponding marginal 
distributions, in the empirically weighted form (5.1) corresponding to models GG, GIG, 
and GLN, was examined. Estimates of the parameters for Finnish data are given in Table 8 
for each model. Judging by Table 8, the mean parameter estimates are relatively stable and 
equivalent, but the estimates of S tend to vary somewhat for different models within the 
same data set. The estimates of 6 obtained from the GG -models also tend to differ slightly 
from those obtained from the GIG and GLN models. One of the explanations might be 
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Number Observed Expected Expected Expected Expected 
of drinking frequency CP CPG CPIG CPLN 
occasions frequency frequency frequency frequency 

0 437 174.1 446.0 420.3 419.0 
1 502 607.3 473.0 526.6 522.6 
2 267 520.9 284.4 282.9 287.1 
3 152 188.3 157.0 139.5 141.3 
4 79 36.7 83.4 71.5 71.0 
5 36 4.4 43.4 38.4 37.4 
6 33 0.4 22.3 21.5 20.7 

>7 26 0.0 22.7 31.3 32.9 
Totals 1532 1532 1532 1532 1532 
G2  - 1129.9 9.7 10.9 12.5 
d.f. - 6 5 5 5 

r(X3 	> G2 ) - .000 .084 .052 .028 

M.L. .A= 1.56 µ1= 1.56(.04) µ_2= 1.56(.04) i3=0.12(.03) 
estimates: 3= 1.37(.08) 112= 1.83(.15) /33= 0.81(.03) 

Table 2. The obsewed and the fitted number of drinking occasions, Finnish men, 1992. 
Fitted to the data by the maximum likelihood method are the condensed Poisson (CP), the 
condensed Poisson Gamma (CPG), the condensed Poisson inverse Gaussian (CPIG), and 
the condensed Poisson lognormal (CPLN) distributions. The goodness of fit is measured 
by the G2 -statistic, see Section 5.2 

Number Observed Expected Expected Expected Expected 
of drinking frequency CP CPG CPIG CPLN 
occasions frequency frequency frequency frequency 

0 601 404.6 611.2 597.0 593.8 
1 499 712.0 477.2 512.8 516.6 
2 209 270.9 206.3 193.1 195.5 
3 74 41.1 83.6 73.4 71.8 
4 21 3.3 33.0 30.3 28.7 
5 10 0.2 12.8 13.4 12.6 
6 9 0.0 4.9 6.2 6.0 

>7 9 0.0 3.0 6.0 7.0 
Totals 1432 1432 1432 1432 1432 
G2  - 596.6 18.4 8.2 6.4 
d.f. - 6 5 5 5 

r(xå 	> G2 ) - .000 .002 .143 .271 

M.L. A= 0.97 µ1= 0.97(.03) µ2= 0.97(.03) µ_3= -0.35(.03) 

estimates: /3i= 1.26(.10) Q2= 1.11(.10) /33= 0.81(.03) 

Table 3. The observed and the fitted number of drinking occasions, Finnish women, 1992. 
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Number Observed Expected Expected Expected Expected 
of drinking frequency CP CPG CPIG CPLN 
occasions frequency frequency frequency frequency 

0 532 299.7 560.3 541.8 537.6 

1 578 735.1 511.5 558.5 562.1 

2 251 417.8 262.3 250.9 256.3 

3 99 97.4 124.8 108.9 108.5 

4 41 12.1 57.5 50.4 48.3 

5 28 0.9 26.0 24.7 23.0 

6 18 0.0 11.6 12.7 11.7 

>7 16 0.0 9.1 15.1 15.6 

Totals 1563 1563 1563 1563 1563 

G2 - 877.5 28.6 6.1 6.6 

d.f. - 6 5 5 5 

r(x3 	> C2) - .000 .000 .297 .253 

ML A= 1.22 µ1= 1.22(.03) µ_2= 1.22(.04) i13= -0.12(.03) 

estimates: i= 1.32(.08) /2= 1.41(.12) /33= 0.81(.03) 

Table 4. The observed and the fitted number of drinking occasions, Finnish ,neri, 1984. 

Number Observed Expected Expected Expected Expected 
of drinking frequency CP CPG CPIG CPLN 
occasions frequency frequency frequency frequency 

0 682 537.1 696.6 692.3 690.4 

1 463 635.0 416.7 437.5 443.0 

2 117 146.3 144.5 129.6 129.7 

3 42 13.0 49.2 43.5 41.2 

4 12 0.6 16.6 16.5 15.2 

5 6 0.0 5.6 6.8 6.3 

6 5 0.0 1.9 3.0 2.9 

>7 5 0.0 0.9 2.6 3.4 

Totals 1332 1332 1332 1332 1332 

G2 - 460.1 25.6 7.4 4.9 

d.f. - 6 5 5 5 
r(X ~ 	> Gz ) - .000 .000 .193 .424 

M.L. A= 0.73 7_1= 0.72(.03) µ_2= 0.73(.03) µ3= -0.70(.05) 

estimates: ,31= 1.07(.08) /2 	0.69(.08) ,Q3= 0.87(.04) 

Table 5. The observed and the fitted number of drinking occasions, Finnish women, 1984. 
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Number Observed Expected Expected Expected Expected 
of drinking frequency CP CPG CPIG CPLN 
occasions frequency frequency frequency frequency 

0 428 176.3 471.0 436.9 439.6 
1 439 541.9 358.0 415.0 417.0 
2 204 401.6 193.3 191.2 196.4 
3 73 124.3 107.1 93.2 93.4 
4 40 20.6 59.9 50.1 48.0 
5 22 2.1 33.7 29.0 26.5 
6 20 0.1 19.0 17.6 15.4 

>7 41 0.0 25.0 34.0 30.7 
Totals 1267 1267 1267 1267 1267 

Gz  - 1279.0 54.7 12.8 13.1 
d.f. - 6 5 5 5 

r(xd 	> G2 ) - .000 .000 .025 .022 
ML A= 1.43 l= 1.42(.05) µ_2= 1.45(.05) =-0.10(.04) 

estimates: /.31= 0.91(.05) X32= 1.08(.10) /33=0.96(04) 

Table 6. The observed and the fitted number of drinking occasions, Finnish men, 1976. 

Number Observed Expected Expected Expected Expected 
of drinking frequency CP CPG CPIG CPLN 
occasions frequency frequency frequency frequency 

0 596 430.4 610.8 600.6 597.4 
1 370 558.3 326.3 358.0 363.6 
2 104 144.9 124.8 111.5 112.7 
3 39 14.6 50.6 42.1 40.3 
4 20 0.8 21.0 18.4 16.8 
5 12 0.0 8.9 8.8 7.9 
6 5 0.0 3.8 4.4 4.1 

>_7 3 0.0 2.8 5.3 6.2 
Totals 1149 1149 1149 1149 1149 

G2  - 540.3 14.0 3.6 5.4 
d.f. - 6 5 5 5 

r(Zd 	> G2) - .000 .016 .604 .366 
M.L. A= 0.78 i= 0.78(.04) /t2= 0.78(.03) µ3= -0.72(.06) 

estimates: /1= 0.80(.04) /2= 0.56(.06) /33= 0.97(.05) 

Table 7. The observed and the fitted number of drinking occasions, Finnish women, 1976. 
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that in the GG models the estimates of Yl  and 6 are mutually more highly correlated than 
the estimates of Y2  and 6 or of 'y3  and 6, respectively, in the GIG and GLN models (result 
not shown). 

Year 	Gender 	nz+ Model M.L. estimates of parameters 

1992 	male 	1095 GG vl  = 9.34(.25) ji  = 2.17(.29) S = 2.46(.58) 
GIG vz = 9.47(.34) rye  = 15.6(1.4) S = 2.05(.15) 
GLN 113  = 2.01(.03) 7 = 0.69(.03) S = 2.02(.16) 

female 	831 GG yr  = 5.05(.13) ry l  = 3.35(.49) 6= 2.41(.35) 
GIG 112 = 5.08(.15) jz  = 10.9(1.1) S = 2.98(.26) 
GLN 113  = 1.44(.03) 73  = 0.61(.03) S = 2.89(.26) 

1984 	male 	1031 GG vl  = 8.58(.23) =y1  = 2.92(.44) S = 2.25(.39) 
GIG v2 = 8.65(.28) % = 20.9(2.7) S = 2.03(.21) 
GLN v3 = 1.99(.03) rya  = 0.59(.04) S = 2.01(.23) 

female 	650 GG vl  = 4.35(.14) =y1  = 3.56(.99) S = 2.14(.49) 
GIG v2 = 4.39(.15) 72  = 11.1(2.2) S = 2.32(.39) 
GLN v3 = 1.31(.04) 73  = 0.58(.06) S = 2.32(.41) 

1976 	male 	838 GG vl = 8.35(.26) y l  = 1.91(.22) S = 3.44(1.2) 
GIG v2 = 8.49(.33) i2  = 13.1(1.1) S = 2.26(.20) 
GLN v3 = 1.89(.03) % = 0.69(.04) S = 2.14(.20) 

female 	553 GG vl  = 4.33(.71) =yr  = 2.75(.71) S = 2.71(.88) 
GIG V2 = 4.35(.19) 72  = 7.24(1.1) S = 3.67(.81) 
GLN v3 = 1.22(.05) rya  = 0.69(.06) S = 3.49(.99) 

Table 8. Maximum likelihood estimates of the parameters of average per occasion amount 
distributions for years 1992, 1984 and 1976, by gender. The models GG, GIG, and GLN 
refer to distributions defined in Sections 4.2.2 - 4.2.4 with estimation described in Section 
6.2.2. Asymptotic standard errors of the estimates in parentheses. 

Three types of procedures were used to assess the alternatives. First, the estimated theo-
retical densities were plotted in form (5.1) against histograms of the sample distributions. 
Figures 9 - 14 on pages 43-48 show the histograms of the average amount data of the 
non-zero respondents from the 7-day reference period in the 1992, 1984 and 1976 Finnish 
surveys. 

Judging from Figures 9 - 14, the theoretical distributions follow the observed histograms 
fairly well. Especially around the mode the GG -distribution appears to do slightly better 
than the two others. GIG and GLN seem to be almost identical. Secondly, to give a 
numerical measure of the goodness of fit, the chi—square goodness of fit measure was 
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calculated for each model in all six data sets. The degrees of freedom are based on the 
number of classes considered. In addition, adjusted X2  measures described in Section 5.3 
were calculated. The results are shown in Table 9. 

Year Gender Model d. f. X 2  Pr(Xd f  > X 2 ) Adjusted X2  
x 1000 

1992 male GG 14 34.1 0.002 18.3 
GIG 15 51.9 0.000 33.7 
GLN 15 50.4 0.000 32.3 

female GG 7 44.8 0.000 45.4 
GIG 7 47.0 0.000 48.1 

GLN 7 53.6 0.000 56.0 
1984 male GG 12 55.6 0.000 42.3 

GIG 13 76.3 0.000 61.4 
GLN 13 74.0 0.000 59.2 

female GG 5 34.6 0.000 45.5 
GIG 6 37.1 0.000 47.7 
GLN 5 37.7 0.000 50.2 

1976 male GG 12 37.3 0.000 30.1 
GIG 12 64.3 0.000 62.4 

GLN 12 59.6 0.000 56.8 
female GG 5 34.3 0.000 52.9 

GIG 5 29.6 0.000 44.4 
GLN 5 30.1 0.000 45.4 

Table 9. X 2-goodness of fit tests of the average per occasion amount models for years 
1992, 1984 and 1976 by gender The classes with expected frequency below 4.5 have been 
collapsed. 

By Table 9 all the models are wrong and are uniformly rejected by standard test criteria 
as shown by the chi-square goodness of fit statistics. Relatively speaking, the GG model 
is the best in five out of six data sets and more so in male than in female subsets. The 
adjusted X2  does not shed much new light on the results. A closer examination of the 
discrepancies between expected and observed frequencies show that the large X2-values 
stem almost entirely from the three lowest and largest classes, i.e. 0-2 cl, 2-4 cl and 4-6 cl 
(results not shown). This is also visible in Figures 9 - 14. 

Thirdly, the empirical cumulative distributions were plotted in the same graph with the 
theoretical distribution functions. This approach is shown in Figures 15-20 on pages 50 -
55. 

From Figures 15-20 it can be seen that all three theoretical models produce distribution 
functions which are very close to one another. 
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The observed empirical cumulative have two or three noticeable spikes, not revealed in 
the histograms. A closer examination shows that the first two spikes are at 1.58 and at 3.16 
cl ethanol, corresponding to the ethanol content of one and two 1/3 litre bottles of class III 
beer. Indeed, the spikes are due almost entirely to respondents who had a single occasion 
in the reference week and who on that occasion consumed a single bottle or two bottles 
of beer. The clumping of values due to the bottle size might be parameterized, but this 
would lead to unnecessarily complicated models. This, incidentally, brings out one of the 
problems with EDF goodness-of-fit tests. The tests measure either the maximum vertical 
distance between F+ (:c) and FY (f; 6E, S) or a weighted sum of the vertical distances 
and clearly in our data the test statistics would gain much of their power from the few 
spikes caused by the class III beer bottle effect. 

While Figures 15-20 show rather spiky and irregular empirical distributions, they become 
smoother under two conditions. First, if male and female subsets are pooled, the distribu-
tions, especially as shown in the histograms, become more regular and avoid saw-toothing. 
The reason for this is not known. Second, if the average is taken over the amounts of the 
three or four past occasions for each respondent, a similar but less remarkable smoothing 
happens, exactly as one would expect. 

On the basis of the histograms, the chi-square goodness of fit measures and the EDF's we 
deem all the models to be of the 'wrong but not far wrong' type. While preference must 
be given to the GG model, we will not make a clear choice between the three models for 
f (.) in the sequel but carry them on to the distribution of total volume consumed. The 
decision is based on two considerations. First, in Chapter 9 it will turn out that the choice 
of ff(•) from among our three alternatives matters numerically little for the distribution 
of the volume consumed. Second, this leaves us the freedom to use the mathematically 
most convenient combinations of the distributions f=(•) and the distributions fA(.). 
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21 

Estimation methods 

The parameters of the latent variables A and E will be estimated separately from the mar-
ginal observable distributions of L and X~1. Estimation is based on the general set-up 
given in Figure 2 on page 6, in particular on A IL 	and on the individual level assump- 
tions from Sections 3.1.2 and 4.1. For the difficulties in estimating all the parameters si-
multaneously under a more general model, see Chapter 8. We will first review the notation 
used in estimation although the same notation has already been introduced in connection 
with model checking. 

Consider a random sample S of n respondents to a consumption survey. Denote by Si , i = 
0, 1, 2, ... , the subsample of respondents with i recorded occasions in the reference period 
so that the entire sample is S = U Z Si and let the number of respondents in Si be ni so 
that n = Ei ?zz . Let 1~ , with possible values l 	0,1, 2, ... , be the number of recorded 
occasions of the jth respondent and let 1 = {l, 12, ... , ln} be the sample vector of the 
observed numbers of occasions. Denote by Xj1, tii2, ... , xjl, the amounts consumed by 
the respondent j. The average observed consumption by the jth respondent is then, for 
1 > 1, j = (1/li) Eh_1 xih and the volume consumed y = xj1 + x2+, ... , +2jj . 
Mathematically, we define y3 = 0 and 2, = 0 for respondents with = 0. 

It is obvious that respondents with lj = 0 contribute nothing to the estimation of the pa-
rameters of the distribution of HE. Therefore we define S+ = U~>1 Si as the subsample 
of respondents with at least one occasion in the reference period. Let there be n+ respon-
dents belonging to S+. In estimating the amount parameters, we then consider the sample 
vector of pairs of observed average amounts and the corresponding numbers of occasions 
in S+: (X, 1) = f(2 11) (2 12), ( 	13), ... , (+, In+)} . 

6.1 Obtaining starting values 

We will review first some moment and related estimation methods. These will serve the 
purposes of providing starting values for maximum likelihood estimation and guiding in 
the modelling assumptions. 
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6.1.1 Estimation of individual level gamma indexes 

Wheat and Morrison (1990) compared various estimation methods for the gamma index v 
in (3.1) and recommended the one based on the following well-known property. Let T1  and 
T2  be i.i.d. variables each with the density G(ir, v). Then T1  /(T1  +T2) has a beta density 
which only depends on the index v, i.e. T1 /(T1 + T2) i Beta [v, v] . If more than two 
observations for each respondent are recorded, the result can be generalised accordingly. 
For n. i.i.d. variables T1 , ... ,Tn,, the ratio T1 /(T1 + • • . + T z ) — Beta [v, (n — 1)v]. 
Hence the estimation of v is reduced to the estimation of a single parameter in the beta 
distribution. A moment estimator of the parameter v can be based on the variance of 
the beta distribution. Denote the ratio variable by R2 = T1 /(T1 + T2). It follows that 
E(R2) = 1/2 and var(R2) = 1/(8v + 4). Solving for v one gets: 

1 — 4 var(R2) 
"= 
	

(6.1) 
8 var(R2) 

A bit more generally, if R = T1/(T1+ • • • +Tn ), then 

n-1 	1 
11= 	 — — 	 (6.2) 

n3  var(R) 	n. 

Replacing the moments var(R2) and var(R.) by the corresponding sample moments, say, 
vår(R2) and vår(R) in (6.1) and (6.2), corresponding moment estimates v of v are ob-
tained. 

Exactly the same method can be applied to the estimation of the individual level amount 
index S on the basis of two or more observed amounts for each individual. It should be 
noted that these estimation methods are not efficient, first for being moment methods and 
secondly because they assume that the same number of occasions is available for each 
respondent. Thus a good number of respondents and occasions in a fixed length reference 
period will be left out. 

Several other estimating methods, such as maximum likelihood estimation of the beta 
distribution parameters or moment estimation based on the sample coefficients of variation 
are also available. 

In the present work the method has been used twice. First, inter-occasion time data from 
variable-length reference period was used to estimate v as shown in Table 1 to decide 
whether v was close enough to 2 to warrant the Erlang(2) assumption of Section 3.1.1. 
Second, 6 was estimated with this method from several data sets, but the estimates were 
used merely as starting values for maximum likelihood estimation. 
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6.1.2 Starting values for the parameters of drinking frequency 

Closed form moment estimators based on the first two central moments are not available 
for the three alternative priors fA(•). The trouble is with the complicated Laplace trans-
forms: to solve the parameters in terms of sample moments iteration would be required. 
However, the sample moments can be used for deriving starting values for maximum like-
lihood estimation. In order to do that, a crude numerical approximation of the quantity 
1/8 [1 — fA(4)] in the variance of marginal distributions can be used. Using minimum 
x2-estimation with educated guesses for starting values on the data in Tables 2-7, we es-
timated the parameters 9A and then evaluated the numerical value of 1/8 [1 — LA(4)] for 
all three distributional assumptions. It was found to be in the range 0.09 - 0.12 for the 
data in Tables 2-7. Taking 1/8 [1 — GA(4)] 	C = 0.1, reasonable starting values for 
maximum likelihood can be obtained and we hope the value C = 0.1 can be used also 
in future studies. Denote by 1 the sample mean and by s2 (l) the sample variance of L. 
Solving for the parameters the following starting values can be obtained: 

For A — G(µ1, j3) the starting values obtained are 

= 1 	 (6.3) 
l 

01 	s2 (1)—1/2—C 

For A — IG(µ2i /2) the starting values are 

µ2 = 1, 	 (6.4) 
73 

02 	s2(1)—l/2—C 

Finally, for A 	LN(1~3 i3), the starting values are 

33 = ✓log[s2 (1) +72 — l/2 — C] — 2log(l), 	 (6.5) 

µs = log(l) — (1/2)/x:. 
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6.1.3 Starting values for the parameters of amounts consumed 

For a given 1, the GG , GIG and GLN-distributions each have three parameters, one of 
them S. An external estimate of 6 can be obtained by using the beta-distribution based 
method described above in Section 6.1.1. Assume that this type of estimate S of 6 is 
available. Denote by i, the sample average and by s2 ('rl) the sample variance of X~l in 
the subsample S1. 

Assume that -7 — G(v1 ,7y l ). Solving for 7J and / in terms of the moments and S the 
estimates for these parameters are 

vi = X1, 	 (6.6) 

_ 	v (1 + lS) 
71 	

l S s2 (x,)—u1 

Similarly, for - — IG(vz,'y.,) we get moment estimates 

v2 = Xl, 	 (6.7) 

v2(1 + 1S) 
72 = 	2 	2 

16 s (Xl) — v2 

Finally for 	LN(113i y3) the moment estimates can be solved as 

	

73 = Vlog [1s(s2(7) + 	)] — log[(ls + 1)?], 	 (6.8) 

[13 = log(,) — (1/2). 

To get starting values in practice, we took averages of the empirical estimates obtained for 
the values of 1 = 1,2 and 3. 



6.2 Maximum likelihood estimation 

6.2.1 Maximum likelihood estimation of the drinking frequency 
parameters 

The marginal distributions of the number of drinking occasions in a unit reference period 
were above tentatively modelled by the two-parameter models CPG, CPIG and CPLN. 
Denote the parameter vectors of the marginal distributions by BA _ {,u, /3Z }, i = 1, 2, 3 
and the corresponding probability function by fL(l; OA). Let 1 = {l, 12, ... ,1n} be the 
sample vector of the observed number of occasions. Then the log likelihood can be written 
as 

Ib 

e(OA;1) = E log[fL(l~; 8A)] = , nhlog[fL(h; 9n)], 	 (6.9) 

where the summation is over the set of values of h actually occurring in the sample vector 
1. The maximum likelihood estimates are obtained by maximising e(8A;1) with respect to 
BA. 

The partial derivatives Of(OA;1)/rilci or 8e(OA;1)/D/3i , i = 1, 2, 3 are for most parame-
ters extremely complicated or cannot be expressed in closed form at all and likelihood 
equations are thus not available. We have therefore used derivative-free numerical meth-
ods. In practice, the log likelihoods of CPG, CPIG and CPLN were programmed in 
SAS (SAS, 1990) using numerical evaluation of the integrals in CPLN. Then —f(9A; 1) 
was minimized numerically using the SAS/NLIN (SAS, 1989) procedure which allows 
user-defined loss functions and other features required by maximum likelihood estima-
tion and calculation of asymptotic standard errors. For details on the minimisation set-up 
and numerical evaluation of the asymptotic standard errors of the parameters, see Jennrich 
and Moore (1975) and Ralston and Jennrich (1978). 

6.2.2 Maximum likelihood estimation of the amount parameters 

It is assumed that Xi has, for I = 1, 2, ... a density f IL(1; O, b) which is either GG , 
GIG or GLN with a vector of parameters {9, S} = {vi, -yi , 5}, i = 1, 2, 3. The sample 
vector (x, 1) of the n+ values belonging to S+ is used for estimation. The log likelihood 
is 

n+ 

e [{9E, s}; (X,1)] _ E log[f YIr,(Xi Ili; 9°, 6)], 	 (6.10) 
j=1 

to be maximised with respect to {9E, S}. The partial derivatives 005 [{8a, S}; (z, 1)] /&vi, 

ff 



= 1, 2, 3 and ae [{ BE , S}; (x,1)] /0S are for most of the para-
meters extremely complicated or cannot be expressed in closed form at all. Therefore the 
same numerical techniques as described above in Section 6.2.1 were used in practice. In 
addition to the numerical evaluation of the integrals in GLN, the modified Bessel func-
tions K„ in GIG and in GG were programmed in SAS using the algorithm from Press et 
al. (1992, pp. 241-243). 



rA 

Distribution of the volume consumed, 
given independence of `true' frequencies 
and amounts per occasion. 

At the observable level it is convenient to define the volume consumed as the number of 
occasions multiplied by the average amount per occasion. In terms of the propensity or 
`true' drinking rate A and the `true' mean amounts E, the `true' population distribution of 
the volume consumed can equally naturally be defined as the distribution of the product 
T=A E 

Earlier studies (Alanko 1988; Lemmens et al. 1992) have found only weak and non-
systematic dependencies at the sample level between drinking frequency and the average 
amount consumed. With due caution, the simplifying assumption that the rate A and the 
mean amount E are stochastically independent or that their correlation is negligible, is not 
unrealistic in the light of previous knowledge. However, in Chapter 8 we will re-examine 
the independence assumption for the present models and data. 

7.1 The distribution of the product of `true' frequencies 
and amounts 

The population distribution of the volume consumed is expressed as the density of the 
product variable Tf = A • on the condition that A -L E. The density of the product of 
the two variables is of the form 

fr(v; 9E, 9A) =  
fo 

~ fa(; 8) fA(A; 9i) -da, 	(7.1) 

where fA(•), ff(•) and the parameter vectors 9A _ fµ2 , /3 } and BE = {vz, -yZ }, i = 1, 2, 3 
are as defined previously. 

63 



In practice, we are interested in the distribution function of 

	

Fy ( a) = 
fo

fy(v)dv, 	 (7.2) 

where a is a given consumption threshold or, alternatively, in the exceedance proportions 
1— FT(a). 

7.2 Three alternative models for the distribution of the 
volume consumed 

Above we left open the choice of f f (.) and only the gamma alternative was tentatively left 
out from modelling the distribution of A. Thus, the product ° A can be considered in the 
combinations A — IG(1 2 , /32)  or A — LN(µ3 , ,Q3) on the one hand, and E — G(vi, ryi ) 
or 	IG(vz 7 2 ) or 	LIV (v3 rya) on the other. In practice, however, the number 
of options can be reduced. First, the lognormal and inverse Gaussian fits are so similar 
that it is a matter of convenience which one to choose. If we choose A  
the only computationally sensible choice is 	LN(v3 i /3). In this case the distribution 
of the volume consumed is particularly simple. As is well known, the product of two 
independent lognormal distributions is also lognormal, i.e. 

T - LN([13 + u3,/3 +7). 	 (7.3) 

This is our first model, denoted by LN x LN for shortness, the first LN referring to the 
distribution of A and the second LN to the distribution of ". This system of notation will 
be used also for the other alternatives. 

Because of the complicated integrals in forming the product of LN with other distribu-
tions, it is hardly worth while to use the lognormal distribution together with either the 
inverse Gaussian or gamma. Consider next the combinations based on A — IG(112 , /32). 
The first of these is A — IG(µz , X32 ) and HE — G(vi, -y i ). Substituting into (7.1) and 
using some tedious algebra based on (Bl) from Appendix B, the density for the volume 
consumed or, more generally, the density of the product of independent inverse Gaussian 
and gamma variates is obtained as 

2~z 1 	(7i1 ~` (2117l v  +I-L2/2vi 1 z 

Mt); /12, 4 1"h Yl) — 	~r F( 1) \ yr / 	/32V1 

xv~ lex ~2 It . 	2~a%iv + ~~vl 	(7.4) 
p Cf12 	~'+ 	EL2vi 

64 



This is our second model, denoted by IG x G. 

The other alternative is the combination A ti IG(µ2 , 02 ) and E. — IG(v2, 'y2 ). Using 
again (B.1) from Appendix B, the density for the volume consumed, or, more generally, 
the density of the product of two independent inverse Gaussian variates with different 
parameters is given by 

~2V2 (02 
— 	eXp exp

1 (1 
z 3 	i2 J 	1\~

2 
J 

xK0 
	(7.5) 

V ft2 v2 

This is our third model, denoted by IG x IG. 

7.3 Estimation and rescaling into a long estimation period 

The form (7.1) of the distribution is defined on the unit length reference period. To scale 
the distribution to an estimation period of length T with respect to the reference period of 
unity, the parameters of fA(•) in (7.1) need to be adjusted. For our particular distributions 
this is easy: Using (3.8) and Appendix C, it is seen that C( 1 , /31) is to be replaced by 
G(Tµ1 „31 ), IG(µ2i /32 ) is to be replaced by IG(Tµ2 ,T132 ) and LN(µ3 ,/33) is to be 
replaced by LN(µ3+ log T, /3). 

No additional estimation is needed at this stage. Substituting the appropriate estimates 8A 
and 9= from the marginal distributions into one of the three models and adjusting for a 
desired value of T, an estimate of the `true' distribution of volume consumed is obtained 
in each particular case. 
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Relaxing the independence assumption 

A natural way to generalise the previous models is to relax the assumption A IL E or 
Cov(A, E) = 0. In Figure 21 the correlation between A and E is illustrated by drawing an 
undirected edge between the corresponding nodes. 

A L 
o — — —4 • 

I\ 
I 

T 1 Y 
o — — —* o 

X 

Figure 21. A graph of the dependencies between variables with correlated A and E. For 
details, see the caption of Figure 2 on page 6. 

Correlation is most conveniently introduced by adding an extra parameter. Where with 
the assumption A IL Ewe could write fA,HO, ~; 8,\, BE) = fA(.\; OA) fE (~; 0=), we 
will now have fA ,E (A, ; OA , BE , p), instead. The difficulty is in estimating the parameters 
9A, B= and p because by Figure 21 L, X and Y now depend on both A and E. 

Consider therefore l,L( ,1), the observable bivariate distribution of (X, L). This is a 
curious bivariate distribution because L is discrete and X continuous. Furthermore, for 
L = 0, the value of X is not observable and we will assume the arbitrary value X = 
0, given L = 0. Estimation of the parameters 9A, BE and p can be based on fX,L( 1) 
because it can be evaluated, at least in principle. By Figure 21 X 1L AI(L,E) and, as 
before, X IL EIA. Using the two conditional independence properties we can write, for 
1= 1, 2,...,  and T>0 

o" 
100 

fY,L(~ , 1 ) = fo J 
 0 

f 00 
 

o 	 J 	
fxl,a( I 1 , A, )f iA,E(1 IA, )fA,E(k, )dAd~ 

 o~ 
o 

J 	J 	
fYiL,~( Il, )fLi,\(llA)f,,(A, )dAd . 	(8.1) 

o o 



The density fXIL,E(2I1, ) is C(, 1(5) as an average of l independent G(l;, (5) variables by 
Section 4.1 and fLIA(II A) is CP(A) by (3.5). A special case is obtained for l = 0. For 
l = 0 we have defined :c = 0 and thus fX~ L,-7 (i = 011 = 0, ) = 1. It follows that 

	

fx,L(ti, 0) = f 	0 51L,ä(01 o, WLJA(ol~)fA,~(a, ~)dad~ 

	

0 	0 

	

00 	 00 

= 	fLIA(0) [L fA,~(~)dl;l d,\ 

= fL(0) 	J 	(8.2) 

The remaining tasks are the specification of a model for the bivariate (A, E-) and expressing 
(8.1) in terms of the chosen model. Estimation by maximum likelihood or other methods 
can then be based on observed sample values of l and i. Finally, the distribution of A 
E must be derived from fA,=(•). Below, we give an example of fA =(•) which can be 
examined in practice. 

8.1 The bivariate lognormal model for fA,E (• ) 

In this section we use the lognormal specification for a joint bivariate distribution of 
(A, E"). We preserve the LN specifications of A and EE and add a correlation parameter 
P3• 

A correlation parameter could equally well be added to the bivariate inverse Gaussian 
distribution while preserving the inverse Gaussian models for A and E ( Kocherlakota 
1986). This bivariate distribution is not well known and will not be treated here. 

Assume the model A — LN(1t3 , X33), 	LN(v3, -y3) as in (7.3). By definition, log A --- 
N(µ3 ,/3) and log — N(v3 i y3). We add a correlation parameter P3 to the bivariate 
normal distribution in the usual manner by specifying 

(log nl N N2 [(1t3)  ( ~3 	P3f32Y3
log )  	L3 	1\ P3/3373 	-Y3 

Hence (A, EE) has the bivariate lognormal density 

1 
.fA,E(A 	[(3,03, v3 '%3) P3) 	 2 373 /1 - P3 

	

1 	log .\ — µ3 2 
x exp — 	2 ( 

2(1 — p3) \ 	a3 
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logA-113

/ 

log— 	

+ 

V3 	109~— V3 	l
2p3 	

03 	\ 	73 	/ 	\ 	73 
	
)21  

11) 

while the product T = A • H has the univariate lognormal distribution 

T — LN(ft3 + v3,/3 + 73 + 2P30373) • 

Figure 22 on page 69 illustrates the effect on the distribution of T of various values of 
p3.These values of p3 are for illustration only. It is clear from Figure 22, that a high 
absolute value of p3 may have a considerable effect on the estimate of the consumption 
distribution. Let us therefore have a closer look at the possibility of estimating P3 from 
the data. 

8.1.1 An estimator of p3 

Consider this time Y, the observable volume consumed by a randomly chosen respondent 
in a unit reference period. Y is a random sum Y = X i + ... + XL where both Xi and 
L are random variables and Xi represents the amount consumed on a single occasion. We 
have defined Y = 0 given that L = 0. The distribution of Y can be represented as 

.fy(y) = E fy,L(y, l) = E fyIL(yjl)fL(l), 	 (8.3) 
I 	 i 

and the expectation of Y can be written in the form 

E(Y) = £>" f C" E(YIA, ~)fA,a(.X, ~)dad~. 	 (8.4) 
 ° 

On the other hand, from Figure 21 we see that Y 1L A (  L, E-) and L 1L A. Thus 

E(YI '\, ~) =  

f"cYEf.,L,.—(Yll,~)fL,A(11,\)dy 
 

_ E fLIA(1 I ~) f yfY1L,EE(y~l, ~)dy 
l 	° 

_ E fLIA(1 I /\)l 
i 

_ ) . 	 (8.5) 

The last lines of (8.5) follow because Yl(l, ~) — G(1,): thus f y fyIL,a(y1l, ~)dy = l~. 
Further, LA — CP(.) by (3.5) and hence the final line E(Y., ) = .\ follows. Inserting 
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Figure 22. Distribution functions of the product of two correlated lognormal distributions 
for values of the correlation parameter p3 ranging from —0.9 to 0.9. The parameter values 
of the two lognormal distributions are the estimated parameters of A and ' of Finnish 
males, 1992, rescaled to annual consumption. 
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A into (8.4) we see that E(Y) is the (1, 1)-joint moment of the variables A and 	which 
in the bivariate lognormal case gives 

E(Y) = fo 	 w) 	 fA,=(Ä, e)d,\d~ 
 0 

= eXP413 + v3 + 2 (~3 + _%3 + 2P3/373)}. 	(8.6) 

This means naturally also that E(Y) = E(T). Denote the sample average of the volume 
consumed in the reference period by j which is the natural estimate of E(Y). Solving 
p3 from (8.6) and replacing the other parameters by their maximum likelihood estimates 
from the marginal distributions and E(Y) by y we get an estimate for p3 

_ 	log y — (f13 +_2 N3 + ~3 + 2 3) 	 (8.7) p3= 
/3373 

The properties of this estimator have not been studied. 

8.1.2 An example 

The estimate of p3 computed according to (8.7) is given in Table 10 for male and female 
subsamples from the years 1976, 1984 and 1992. Also the correlation between A and 
due to p3 is given in Table 10. 

Year Gender p3 Corr(A, -) 

1992 males -0.08 -0.05 
1992 females 0.10 0.07 
1984 males -0.05 -0.04 
1984 females 0.00 0.00 
1976 males 0.03 0.02 
1976 females 0.08 0.06 

Table 10. Estimates of p3 and Corr(A, E) by the moment method 

It is clear from Table 10 that the estimated values of p3 are close to 0. Indeed, they vary 
between -0.1 and 0.1 without any apparent systematic pattern. According to Figure 22 such 
values of p3 should have a very small effect on the estimate of the volume distribution. We 
do not know the standard errors of the estimates p3, but it seems likely that the estimates 
p3 are consistent with the hypothesis P3 = 0, or, at least, that setting p3 = 0 does not 
cause a serious mis-specification of the consumption distribution model. 
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8.1.3 Maximum likelihood estimation of p3 

Applying the general formula in (8.1) to the bivariate lognormal case we obtain, for l = 
1, 2, ... , and 2 > 0, 

f= 

fx,L(2 l; [13,133,113,73,b) P3) 
00 00 

f .fX L,E(till, ).fLiA(1lA)A,=(A,~)dad~ 
0 	0 
°° °° (16/~)16 :rlb—l exp{—(16/~) } 

r(16) 

	

1 	 2~ 
2i 1 	2~ zl 	1 (2)2+1 

xexp( 2a) 2 [ (i — sz,o) 	+ ( (21)! + 2 (2l + 1)! 

1 
x 
2B3-y3 /1 — P3 

1 	[çoA _[13g 'x  	2 
x exp 2

(1 — ps) 	03 	/ 

1 
—2p3 rlogA—[13/ (loge _113) + (b0 	2 

	
dAd 	(8.8) 

	

03 	73 	73 

and for the special case l = 0 , using (3.23) 

fx,L( 0; 113 133, 113,73, 6,P3) _ h(0 113 N3) 

1 	~
00 

Ä —l exp —1\— 1 
	 y—[13 —logg 2 

dÅ 
27r,Q3 ,/0 	 2 

(log 

 /33 

1 	1 	°° 	 1 (log a— µ3 — log 2 2 

+2 2~r(j3 	
exp —.X — 	

~3 	/ 	
dÅ. 	(8.9) 

To estimate the parameters /13 , 03 , 113 , -y3 , 6, p3 consider the sample vector of observations 
in S: (X, 1) ={(äi,11), (2 i 12), (3i 13), . ...(i ,, ln )} . The log likelihood is then 

e 1/-~3) /33r U3r 731 s7 P3 (X r l)1 = 	E log[fX,L( 5'i li 1'3 1 3 U3; 73 S P3)] 
i, l;>0 

+ E log[fL(0; µ3, /33)] 	 (8.10) 
3, l j=o 

to be maximised with respect to the parameters. In practice, it is extremely slow even to 
evaluate the integral (8.8) using standard numerical integration methods and maximisa-
tion with respect to a vector of six parameters is beyond customary computing resources. 
Recent developments in Markov chain Monte Carlo methods could be used to avoid direct 
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evaluation of integrals of the type (8.8) in estimation (e.g. Gelman et al.1995, Gilks et al. 
1996) but their application will be left for future work. 

A simplifying alternative is again to estimate the parameters 1c 3 , 03 , v3 i -y3 and_6 from the 
marginal distributions. Denote the estimates obtained by µ3, /33 , v3 i =y3 and 5. The only 
parameter left is then the correlation parameter p3.We will thus try to find the maximum 
of 

f[p3; (X, 1)] — 	l~~'[fX,L( X i. li' ~ ~3~ N ~3~ S~ P3)] 	(8.11) 
i, 1,>o 

with respect to p3 because by (8.10) it is sufficient to restrict the maximisation to S+. A 
direct evaluation of the log likelihood (8.11) is feasible. As an example, in Figures 23 and 
24 on pages 73-74 the values of the log likelihood (8.11) are plotted for selected values 
of p3. The log likelihoods are calculated for data on Finnish men and Finnish women 
in the 1992 survey, given estimates [ 3 ,/33 ,v3 ,-y3  and S obtained previously. The val-
ues of e[P3 ; (x, l)] were obtained by numerical integration using MATHEMATICA (Wol-
fram 1992). The shapes of the log likelihood functions seem regular and the approximate 
maxima correspond well with the values given in Table 10. This naturally enhances the 
plausibility of the estimates in Table 10. 

8.2 Conclusion 

While it would be best to estimate simultaneously the parameters p3, µ3, /33 ,1/3,73 and S 
according to the present bivariate model for (A, EE), this appears to be exceedingly diffi-
cult. However, analogy with the maximum likelihood estimation of the bivariate normal 
distribution (Johnson and Kotz 1972, p. 104) makes it plausible that the estimates of 
µ3, 03, 1/3i -y3 and S would change very little or not at all under the present model with 
the introduction of p3. Thus, the estimation methods based on µ3 i /03, 1)3,73 and S being 
estimated from the marginal distributions, should give fairly good estimates of p3. In con-
clusion, the moment estimates of p3 in Table 10 and the log likelihoods of Figures 23 and 
24 lead us to believe that the assumptions P3 = 0 and A il E need not be rejected. 
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Figure 23. Log likelihood at values p3  = —0.7,. . . , 0.7 , given estimates from marginal 
distributions, Finnish men, 1992, N=1095. 

73 



-3500 

—3600 

-a  
0 0 

: — 3700 

cm 
J 

—3800 

—0.7 	—0.5 	—0.3 	—0.1 	0.1 	0.3 	0.5 	0.7 

Value of rho3 
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Comparison of the estimated `true' 
distributions with empirical survey 
distributions 

In this chapter we present graphically the results on the estimation of the distribution of 
total volume consumed, scaled into annual consumption. We use the assumption A 1L E' 
on the basis of Chapter 8. The results are applications of the three models, IG x G, formula 
(7.4), IG x IG, formula (7.5), and LN x LN, formula (7.3), defined in Chapter 7. The 
distribution functions of IG x G, IG x IG and LN x LN were first calculated for a 
grid of values of the threshold a in (7.2) by numerical integration using MATHEMATICA 
(Wolfram 1992); the plot line was then smoothed using Lagrange interpolation of degree 
3. The parameter estimates used in the models are given above in Tables 2 -7 for the 
parameters of A and in Table 8 for the parameters of . We compare the results with 
the empirical distributions obtained from last week's scores in the three surveys. The 
models are also compared with the empirical distributions based on the survey period 
measurement method described in Section 2.2.2. Finally, we examine the proportion of 
within-individual variation out of the total variation in the sample volume consumed. 

9.1 The 1992, 1984 and 1976 distributions of the volume 
consumed 

We will compare first the three estimated distributions with the empirical distribution ob-
tained from last week's empirical total volume scores, multiplied by 52 to transform them 
into the annual scale. The comparison is shown in Figures 25 and 26 on pages 76-77 for 
males and females in the 1992 survey. 

The differences between the theoretical distributions are small and in practice negligible. 
The IG x G model deviates slightly from the two others for the male sample in 1992. It 
is obvious that last week's empirical consumption distribution is seriously biased for the 
low end of consumers for both males and females and overestimates the proportion of light 
consumers. This result agrees with previous results by Alanko and Duffy (1996) for drink-
ing frequencies and with the simulation results by Duffy and Alanko (1992) for volumes. 
The results reflect the quantile estimation bias in the presence of random variation. 
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Figure 25. Estimated and observed cumulative distribution of annual volume consumed, 
Finnish men, 1992. The empirical distribution is last week's sample distribution multiplied 
by 52. The parameters of the theoretical distributions IG x G,IG x IG and LN x LN 
are given in Table 2 for A and in Table 8for E-. 
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Figure 26. Estimated and observed cumulative distribution of annual volume consumed, 
Finnish women, 1992. The empirical distribution is last tveeks sample distribution multi-
plied by 52. The parameters of the theoretical distributions IC x G,IG x IC and LN x LN 
are given in Table 3 for A and in Table 8 for E. 
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The differences in the other tail are clear, if not equally marked, for the values from about 
600 cl to 1800 cl for males and from about 300 cl to 1400 cl for females. In this part of the 
scale last week's method overestimates the proportion of heavy consumers. For instance, 
the 1000 cl per annum threshold has been used as the limit of heavy consumption (Simpura 
1987b). At 1000 cl the difference in proportions is 2-3 percent for both men and women 
but is even larger at some other threshold values. 

Also the empirical distribution based on the survey period method was compared with the 
estimated theoretical distribution functions. This comparison is shown in Figures 27-28 
on pages 79-80 for the 1992 survey. 

Here the empirical curve lies systematically to the left of the theoretical curves, indicating 
a systematic bias for all but the heaviest consumers. It is suspected that the bias reflects 
a systematic response error and that random time-variation plays a lesser role. A possi-
ble explanation is that respondents have omitted/forgotten drinking occasions in the past 
(Alanko and Lemmens 1996) because the longest reference period with this method is 12 
months. 

The results for 1984 male and female datasets are given in Figures 29-30 on pages 81-82. 

The model based estimates are, in practice, identical. Also the interpretation is equivalent 
to the 1992 case. Comparison with the survey period method is not shown but has exactly 
the same interpretation as Figures 27 and 28 from 1992. 

The results for the 1976 male and female datasets are given in Figures 31-32 on pages 
83-84. 

In the 1976 data for males, the overestimation of heavy consumers by last week's method 
is very small, but extends to much above the 2000 cl limit shown in the graph. For females, 
the interpretation is similar to the surveys of 1992 and 1984. Comparison with the survey 
period method is not shown for 1976 but has again exactly the same interpretation as 
Figures 27 and 28 from 1992. 

9.2 Within-individual vs. between-individual variation 

Looking at the Figures 25 and 26 on pages 76-77 one is reminded of Figure 1 in the 
introductory example of Section 1.1. In the example, it was obvious that the `empirical' 
negative binomial distribution and the `true' gamma distribution had the same means but 
negative binomial had a higher variance than gamma because of the within-individual 
variation contained in the negative binomial. It is of•interest to examine how large the 
within-individual component of variation is with respect to total variation. After all, if it 
is very low, we have spent much effort in this monograph to eliminate a negligible source of 
variation. Therefore we derive the proportion of within-individual variation out of the total 
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Figure 27. Estimated and observed cumulative distribution of annual voltinne consumed, 
the survey period method, Finnish men, 1992. The empirical distribution is the survey 
period estimate described in section 2.2.2. The parameters of the theoretical distributions 
IG x GIG x IG and LN x LN are given in Table 2 for A and in Table 8 for -E. 
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Figure 28. Estimated and observed cumulative distribution of annual volume consumed, 
the survey period method, Finnish women, 1992. The empirical distribution is the survey 
period estimate described in section 2.2.2. The parameters of the theoretical distributions 
IG x GIG x IG and LN x LN are given in Table 3for A and in Table 8for E. 
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Figure 29. Estimated and observed cumulative distribution of annual voltinne consumed, 
Finnish men, 1984. The empirical distribution is last week's sample distribution multiplied 
by 52. The parameters of the theoretical distributions IG x G, IG x IG and LN x LN 
are given in Table 4 for A and in Table 8 for -E. 
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Finnish men, 1976. The empirical distribution is last weeks sample distribution multiplied 
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are given in Table 6 for A and in Table 8 for '. 
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variation present in Y by calculating the proportion R = 100 x [var(Y)—var(T)]/var(Y) 
for the Finnish data sets. 

9.2.1 	The variances of Y and Tf 

Assuming independence A J1. HE the variance of T = A • ~ is 

var(T) = var(A • -) 
= var(A)var(~) + [E(~)]2 var(A) + [E(A)]2var(~). 	(9.1) 

To calculate var(Y) it is easiest to work along the lines (8.3) - (8.5) on page 68. It follows 
that 

E(Y 2 1 ,\, ) = f y2 E fY J L,E(YI 1 , ~).fLIA(lI ~)dy 
0 	l 

= E fLIA(lI A) f y2 fYiL,E(Y l) ~)dö 
i 	0 

_ E fLIA(lI ~)[12~2 ( 1 + 1/b)] 

_ X2(1 + 1/s)[A/2 + A2 + g (1 — e 4 )]. 	(9.2) 

Using (9.2) and previous results and noting that E(Y) = E(T) = E(A)E(~) we get 

var(Y) = E(Y 2 ) — [E(Y)]2 

= 
 f

0000 

f E(Y 2 jA, ~)fA(A)ff(~)dAde — [E(Y)J 2 
0 0 

_ (1+ 1/6)E(=2 )[E(A)/2 + E(A2) + 8(1 — GA(4))] 

(9.3) 

On the basis of (9.1) and (9.3) the expression for R = 100 x [var(Y)—var(T)]/var(Y) 
can be simplified only slightly. To estimate the proportion R one needs to specify models 
for A and -, express the moments in terms of model parameters and finally substitute 
estimated parameter values (including an estimate of 8). 
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9.2.2 An example 

Year Gender Proportion of 
within-individual 
variance in percent 

1992 males 35.9 
1992 females 44.1 
1984 males 40.2 
1984 females 47.8 
1976 males 28.5 
1976 females 40.2 

Table 11. Proportions of tivithin-individual variance out of total niodel-based variance as 
given by the IG x G model for three different years 

We will give a numerical example illustrating the magnitude of the within-individual com-
ponent for one of the models. The IG x G model of total consumption (7.4) and estimated 
values from Tables 2-7 and Table 8 were used to estimate the variances var(T) and var(Y) 
according to (9.1) and (9.3). The results are given in Table 11. 

By Table 11, the proportion of within-individual variance out of the total sample variance 
is relatively high and stable, with men having somewhat lower proportions than women. 
One should note that the proportions given in Table 11 reflect within-model variances and 
that had we used the empirical sample variance of Y, say sY, also deviances from the 
model would have been included in var(Y). 



10 

Predictions from the models 

While the focus of the present monograph is on the `true' population distribution of the 
volume consumed in the general population, the same models permit individual level score 
prediction. It is important to keep the two aspects separate. 

Given that an individual has had l = 0, 1, ... occasions in the reference period, what 
is his/her expected `true' consumption rate A? What is his/her expected number of oc-
casions in another (or potential) non-overlapping estimation period? To continue, given 
that the individual j has had l j (1 = 0, 1, 2, ...) occasions and consumed the amounts 
=äj1, tij2, ... , fl. in a unit length reference period, what is the `true' mean amount per 
occasion and the `true' volume he/she is expected to consume? 

Clearly, all the questions are tied together by the models presented above. On the one 
hand, the framework is reminiscent of the well-known classical psychometric true score 
regression on observed scores, on the other hand, the non-normal sampling distributions 
fLI,\ (-I,\) and f Y ]L (• 	1) are more closely related to the repeat-buying framework (e.g. 
Goodhardt and Ehrenberg 1967). It is thus obvious that answers to these questions can be 
used in several fields of applied research. We will return to the potential applications in 
Chapter 11. 

As before, we will introduce the concepts by a statistically simple model and use for that 
purpose the classical Poisson-gamma mixture model introduced in Section 1.1. Again the 
example covers only the frequency aspect. 

10.1 Introductory example of Section 1.1 (continued) 

We use the Poisson-gamma model of Section 1.1 and thus also the assumptions of Section 
I.I. Starting by the question of predicted true frequency of an individual having had l 
occasions, we note that the expectation of A, given L = I is 

E(AIL = 1) = 
i: 

VAjL(A~l)dA. 	 (10.1) 
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By Bayes' rule fAIL l) is obtained as 

AJL(~1l) = 	
fA( ,\; i , 

hh( l ; [1 , K) 

_ (K/µ)KS —rexp{—(E/[t)Å}exp{ A}Al 

F(+1) 	 _-  ( 	)  n+µ 	h+µ 

(~ + 1) K+1 

~4 +
+l) Ix~+11-1exp{—(K +1),\}. 	(10.2) 

Thus, the density f A I L (A~ l) is gamma and the expectation can be seen directly from (10.2), 
i.e. from 

AI (L = 1) — G 	[1 	+ µ 1, ~, + l~ . 	 (10.3) 
+R+ K+lc 

For mere illustration substitute (10.2) into (10.1) to obtain the same result 

E(AI L = 1 ) = f AfAIL(.Il)d) 
0 

00 " +1 +1 

o 	F(K + l) 	p{ ( F4 + 1)a}aa 

The expected number of occasions in a future prediction or estimation period, given the 
number of occasions in the observed reference period is our next problem. Assume, for 
simplicity, that also the prediction or estimation period is of unit length and denote the 
random variate for the number of occasions in the prediction period by L2 . Denote the 
number of occasions in the observed reference period by L1. The conditional distribution 
of L2, given L1 = i i , is 

fL2IL, (12111) = f : f(L2,A)IL, (12,1\11l)fA(Å)dX 
0 

_ fo JL2 l(A,L,)(12 1~ , h)fAIL, (X 11)dÅ 	(10.4) 
 

= 	J
fL2 IA(l2I /A)fikIL, (,AIl r )d~. 	 (10.5) 

0 

The line (10.4) is more general but the last line follows because the Poisson assumption in 
(1.2) implies that L2 IL L1IA. Substituting the two densities into (10.5) and comparing 
with (1.5) it is immediately seen that 

L21(L,=lr) —NB ~1+ + 	~ 1 , ,+1, 	 (10.6) 
f 	f 



In this example where the posterior distribution fAIL, (Ail,) and the posterior predictive 
distribution fL2 IL,(12~11 ) are of well-known form, the expectations follow immediately 
by (10.3) and (10.6): 

E[ AJ (L,=li)]=E[L21(L,=11)]=C+µ+h+µ il. 	(10.7) 

Note that the regressions are linear in 11. However, in more complicated situations, such 
as the regression models presented in Section 10.3, the derivation of the conditional ex-
pectation may not be equally easy. A more general formula is 

E(L2I L, = li) = 
i:  

E(L2I A, 11)IAIL, (Ill)d, 	 (10.8) 

holding also when L2 and L, are not independent, given A. In the present example it is 
easily seen by local independence that E(L2I), ll) = E(L2IA) = A. Thus 

E(L2 L, = 11) = 
f00C> 

~fA I LI (1')dÅ 
 

= E [AI(L, =l)] 

+ rc+µ 	K-1 µ 
ll 

repeating the result in (10.7). 

10.2 Prediction of `true' individual consumption, given 
observed consumption 

On the basis of Chapter 8 we employ the assumption A 1L ° for the predictions. Denote, 
as before, the average amount consumed by respondent j on the l observed occasions by 

~ = -i. >ii:h=1 xjh. We are interested in the expected value of the true volume consumed 
T, given (x~, l~), i.e. in 

E(T ~X = , L = l) = E(A . E,1) 

= E(Al2, 1)E(yl f, l) 
= E(AIl)E(°I:x,1), 	 (10.9) 

where we omit the subscripts for simplicity. Under the assumption A il E it is sufficient 
to derive E(A1) and E(E-I , 1) separately and E(T ~f,1) follows by (10.9) . 



10.2.1 Regression of A on 1 

Given that an individual has had 1 = 0, 1, ... occasions in the reference period, what is 
his/her predicted `true' consumption rate? The answer can be found by deriving E(AIl). 
Using Bayes' rule it can be shown that, for l = 0, 1, 2, ... , 

E(All) = f IfAIL(AIl)da = f 
00

Ix fLJA IA)fA() ila 

lfjc(2l) + (21 + 1)fjt(21 + 1) + (1 + 1)fit(2l + 2) 	(10.10) 
(1 — S1,o)fx(2l — 1) + 2fx(21) + fK(21 + 1) 

where f pS (•) refers to a mixed Poisson distribution, defined in (3.7) on page 22. E(AI1) can 
thus be expressed in terms of the mixed Poisson probabilities fjt(•) once the prior fA(•) 
in the definition of fK ( ) is specified. A full derivation of (10.10) is given in Appendix 
D. 

To use (10.10) for practical predictions, we first need the prior fA(•), next the correspond-
ing fic (•) available for the three priors from Section 3.2 and finally the estimates of the 
parameters 9A which are inserted into (10.10) to obtain an actual prediction E(A(l). 

10.2.2 Regression of E on x, given 1 

Our next task is the predicted true per occasion amount of an individual, given that his/her 
observed average amount on l observed occasion is T. 

Using Bayes' rule and (4.2) it follows that, for 1 = 1, 2, 3, ... , 

E(E1 ti, l) =  

'° .51E,LGTI ,l)fE( dd 

Jo 	fY~L(21l) 
fog XJE,L(ti~~,lVE( )d~ 	

(10.11) 
fYIL( 1) 

One should note that E(i ,1) is not defined for l = 0. For the special case I = 0 we 
could, if needed, define E(EIL = 0) = E(-), i.e. as the population mean of the true 
per occasion volume. Further simplification of (10.11) without recourse to a specific prior 
does not seem possible. Thus, we will evaluate E(E ,1) for the three priors ff(•). 



(1) For E — G(vi , -y1 ) it follows that 

_ 
2 	16-yl 1/2(16+ -yl

-1) 1/2(1b+71-1) 

F'( 18 )F(71) \ vl ) 
lSryl 

xK1_ 1 _1 2 
	vi 

Using f f IL(2Il) from (4.5) we get 

L 1S—~J yhlvlS Kt 7 1 2 	~, 
l; vi, 7i'S) _ 

	

	 (10.12) 
Yi K [2] 

(2) For E — IG(v2 ,72 ) it follows that 

ryz 2 (lS)lb 21v2S:c + V72)  
I ~fx~~(2~~ l)f)d 	= 	2~r I (lS) ( 	Yz 	/ 0 

 1 1s-~ 	21S-y2 +'Yz xexp 

 

(12 J 	Kib-, 	z 
vz 	vz 

Using fX L (:~ ~ 1) from (4.8) we obtain 

1 z

K 
l

s 
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	v
2ls

b

ry2 

 

 
+.i 

i 
=

(21v62+vz 	-  (10.13)  K
+ [

2l2 

 

 vz 

(3) Finally, for 	LN(v3 rya) and using fXI L(1 Il) from (4.11), E(E-I1, :c) is seen to be 
a ratio of two integrals 

	

f 	
z °°-~ bexp  

L
lSc    — °g f   +~   d~ 

	

o    	z~'3 E(EI 2 , 1 ; vs, rys,   ) =  	2 	(10.14) Jo   ~—IS-1 p   J  	-1   —   ~2  	+  ex  l —lS-  	J 
73 	ry3 

For practical application of the above formulae, analogous steps to the ones described for 
E(AIl) are to be followed to obtain 	,1) in each case. 
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10.2.3 Prediction of the `true' volume consumed 

Using the results of the preceding two sections we can now calculate the expected `true' 
volume consumed by an individual with 1 observed occasions and average per occasion 
amount :r. In Chapter 7 we introduced three alternative models of the total volume con-
sumed. We will not go into the details for all of them. The principle itself is simple enough 
as shown by the following example. 

Assume that the model adopted for T = A • HE is A — IG(µz , ,Q2), 	G(vl, -y l ), i.e. 
IC x G from (7.4). From a sample, we have estimated the five parameters i2 , /32 , vl, yl and 
6. By (10.9) E(YIT,1) = E(A~1)E(°I ,1). Thus the predicted volume for the individual 
in a unit length period is by (10.10) and (10.12) 

lfK(21)+(21+1)fK(21+1)+(1+1)fje(21+2) 
_ 	(1 —b1 ,o)fx (2l — 1) + 2f1c(2l) + fx(21 + 1) 

_ 	 I S1x 

l~ v1 S K,s-7 -i [2 ]  ~1 
x 	_ 	 (10.15) 

K1 _ 1 
	v 

where each term of the form f jt(•) is 

fx(k; 2µz, 2 	 1
~2) = 	~ exp( ) 	

z 
	

[ : ']  0z 

using K — PIG(21i2i 2132) from Section 3.2.3. While (10.15) is a complicated expres-
sion, it is computationally feasible. Note that the predicted volume in a prediction period 
of length T is simply T. E(T~x, 1). 

10.2.4 Three examples of regression functions 

The results of the previous sections are illustrated by using the 1992 survey male sub-
sample. In Figure 33 on page 93 three different models for Finnish men in 1992, are 
applied in predicting the true drinking rate. The underlying models are _CPC, CPIG and 
CPLN with parameter estimates given in Table 2. The predictions E(A~l), for values 
l = 0, 1, ... , 7 in the reference period, are computed by inserting the appropriate models 
and parameter estimates into (10.10). 

In Figure 33 the regression function of CPC differs somewhat from the others, while 
CPIG and CPLN are almost identical. The `regression towards the mean' effect is seen 
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Figure 33. Prediction of the true drinking rate, given the observed number of occasions, 
Finnish men 1992. The predicted E(AIl), given by the fitted CPG, CPIG and CPLN 
models, is plotted against the value of 1. 
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in the deviation of the regression functions from the diagonal. None of the functions are 
linear in I although CPG is close to linearity in practice. 

Figures 34 and 35 on pages 95-96 illustrate the prediction of the true average amount 
consumed, given the observed average amount and the number of occasions. The model 
used in the prediction in Figure 34 is based on the GG-model for average amounts and 
the regression function is defined in (10.12). The model used in Figure 35 is based on the 
GIG-model and the regression function is defined in (10.13), both with parameter values 
given in Table 8. 

As the regression is conditional on the number of observed occasions 1, three separate 
regression curves are drawn for values of I = 1, 3, 7. The intermediate values of I are not 
shown but they are situated between the visible curves. Figures 34 and 35 are for practical 
purposes almost identical, except for the value 1 = 1. It is also seen that the `regression 
towards the mean' effect is very pronounced for l = 1, but much less so for I = 3 or 
l = 7. This is exactly what one would expect: naturally there is much less information 
about within-individual variation if only a single amount is observed. 

Finally, the prediction of the individual true volume consumed is illustrated in Figure 36, 
again for Finnish males, 1992. The model for the volume consumed is the IG x IG model 
with parameters given in, respectively, Tables 2 and 8. The regression function is accord-
ing to (10.9) the product of the CPIG and the GIG based regression functions. The 
regression functions are drawn separately for values of I = 1, 2, 3, 7. 

Again, it can be noted that the `regression towards the mean' effect is much more pro-
nounced for 1 = 1 than for higher values of 1. 

10.3 Predicting the number of occasions in a future 
estimation period 

In Section 10.2 we examined the predicted `true' drinking rate, `true' volume per occasion 
and `true' total volume consumed. We turn now to a related but different problem, the 
predicted number of occasions in a future estimation period - a potentially observable 
quantity. 

Denote the random variate for the observable number of occasions in the reference period 
by L1 and the random variate for the number of occasions in a future prediction period by 
L3, where the prediction period has length T3 with respect to the reference period. Let there 
be an interval of length T2 between the reference period and the prediction period. Our 
interest is in finding E(L3 ~ Ll = l) where ii = 0, 1, ... Above in (10. 10) we have derived 
E(A~L1 = 11) and by analogy with the the illustrative example (10.7) one might expect 
that E(L3IL1 = 11) = E(A~L1 = 1l ). However, this is not the case. The complication 
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IG x IG, Finnish men 1992. The predicted volume in one week's prediction period is 
based on the IG x IG-niodel and is plotted against the observed volume consunied for 
values I = 1,2,3,7 
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arises from the fact that the Erlang(2) renewal process does not have the Poisson property 
of forgetting, i.e. that L3 and L1 are not conditionally independent, given A . One should 
note that the problem does not involve the amounts consumed because in Section 4.1 they 
were defined to be conditionally independent, given the value of . 

Schmittlein and Morrison (1983) derived E[L3IL1 = ll, A] using a fairly complicated ar-
gument. Written according to the convention of this monograph, with the original Poisson 
process rate 2.\, their result is 

E[L3JL1 = li, A] = T3A + ie-4aT2 (1 — e-4aT3) 	 (10.16) 

4,\2 	(211)(2l1 + 1) 

X [(2l1)(211+1)+4A(211+1)+4~2 j 

We will not repeat the derivation of (10.16) and the reader is referred to Schmittlein and 
Morrison (1983, pp. 454-455). Note, however, that the treatment of the case L1 = 0 is 
slightly more complicated than their remark (ibid. p. 455) might seem to imply. 

Denote by fAI L , O~1r ) the conditional distribution of A, given that L1 = l r in the reference 
period. The unconditional predicted value of L3 given L1 = ll is obtained from 

E[L31 L, = lr] 

= J0,>0 
E[L311l , a] FAIL, (all l )da 

 
= 
 T31

AfAILJ aIll)d.\ 
0 

+1 foe-4ÄT2 [
2l21, 

4)2(2l)(211+1) 	111 d
Jo 	 +1)+4A(211 +1)+4A2I fAILI( 	) 

7

0

00 
_ 	e -4a(T2+T3) f 	_ — (211)(211 + 1) 	21 .fAlz„ (ll )dA. 

L(211)(211 + 1) + 4,\(211 + 1) + Ia J 
(10.17) 

By Bayes' rule fA I L1 O~L1 = 11) is of the form 

fnlz,, (AJLr = 11) —_ 
fL,IA(lllA)fA(A) 

hi (ll) 

and is thus obtainable by substituting the appropriate results for the priors fA (•). The first 
term on the right hand side of (10.17) is, apart from the multiplier T3, already familiar -  
a general solution was given in (10.10). The second and the third terms are much more 
complicated. Schmittlein and Morrison (1983) derived a closed form expression of (10.17) 
for the case where fA(•) has the gamma distribution but our efforts to produce one for 
A — IG(1t2 , /2) have this far failed. It seems safe to conjecture that for A — LN(~i3, 3 ) 
no closed form expression exists. 



The result is slightly simplified in the case T2 = 0. In the general case, the second and 
third terms can be evaluated by numerical integration. 

10.3.1 Example: Predicting the future number of occasions, 
Finnish men, 1992 

To gain empirical insight into the magnitude of the Erlang(2) process effect, i.e. on the 
difference between E(L3~L1 = 11) and E(AIL1 = 1l ), we computed (10.17) using the 
CPG, CPIG and CPLN models and parameter estimates from Table 2 on Finnish men 
in 1992. We set first the prediction period length T3 to unity and T2 to zero, i.e. made the 
reference period and the prediction period contiguous. The results are shown in Table 12. 

Observed CPG CPIG CPLN 

il E(A111) E(L3111) E(Alli) E(L3111) E(All) E(L3111) 

0 0.588 0.658 0.701 0.848 0.694 0.723 
1 1.132 1.113 1.071 1.042 1.087 1.086 
2 1.814 1.781 1.689 1.630 1.693 1.686 
3 2.504 2.466 2.430 2.359 2.407 2.394 
4 3.195 3.155 3.223 3.146 3.187 3.168 
5 3.887 3.846 4.037 3.956 4.011 3.983 
6 4.580 4.538 4.861 4.778 4.865 4.825 
7 5.273 5.231 5.691 5.606 5.740 5.687 

Table 12. Predictions E(L3 li) defined in 10.17 with Tz = 0 and T3 = 1 using the CPG, 
CPIG and CPLN-models. The predicted values E(Alli), shown also in Figure 33 are 
given for each model for comparison. The parameters used are those of Finnish men in 
the 1992 survey given in Table 2. 

Next, we repeated the calculations by setting T2 = 1, i.e. left a week between the reference 
period and the prediction period. The results are shown in Table 13. Comparing the tables 
it is obvious that E(L3 11 ) differs most from E(AIlr) at the lowest observed values of 
il = 0, 1, ... for each model. Further, setting T2 merely to unity as in Table 13 reduces 
the differences into negligible for all but the two lowest values of ll . 

The examples show that the more complicated expression (10.17) may be needed if T2 = 
0, i.e. the prediction is from one period to the immediately following one. In most other 
practical cases the second and the third term on the right hand side of (10.17) are negligible 
and (10.10) multiplied by T3 can safely be used instead. This is especially true if T2 is 



Observed CPG CPIG CPLN 

11 E(A111) E(L3l1) E(A111) E(L31li) E(A11) E(L31l1) 

0 0.588 0.595 0.701 0.715 0.694 0.696 
1 1.132 1.126 1.071 1.062 1.087 1.086 
2 1.814 1.813 1.689 1.687 1.693 1.693 
3 2.504 2.503 2.430 2.430 2.407 2.407 
4 3.195 3.195 3.223 3.223 3.187 3.187 
5 3.887 3.887 4.037 4.037 4.011 4.011 
6 4.580 4.580 4.861 4.861 4.865 4.865 
7 5.273 5.273 5.691 5.691 5.740 5.740 

Table 13. Predictions E(L3 11 ) with T2  = 1 and T3  = 1. For details see the caption of 
Table 12. 

large. For instance, if the drinking behaviour of a group is evaluated at one year's interval 
for periods of one week, then T2  = 52 and T3  = 1 and (10.10) is to be used. 
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11 

Discussion 

In this monograph we have explored parametric methods for estimating the distribution of 
alcohol consumption in the presence of random error due to time-variation of behaviour. 
One should perhaps note that similar needs have been felt also in other fields, in partic-
ular in marketing studies where inter-purchase times and related counting distributions 
are commonplace (Gupta 1991), but also in many other fields, such as nutrition studies 
(Nusser et al. 1996; Nusser et al. 1997). 

The distributional formulae for the marginal distributions turned out for the most part to 
be complicated and - in some cases - have not previously been explored in the literature. 
By using well-known parametric models for the priors we have, however, kept the in-
terpretation of the `true' distribution parameters simple. The location parameters are the 
population mean drinking rate and mean amount consumed per occasion or, for the lognor-
mal prior, the same on the logarithmic scale. The other parameters describe the variability 
of the rate and the amounts per occasion in the population. One of the advantages of 
the parametric approach is that it makes comparisons of data sets over time and between 
substrata easily interpretable. 

A further advantage of the approach is that derived measures of concentration of consump-
tion can now be based on fitted models instead of observed scores. For instance, Simpura 
(1987b) has calculated the proportion of the total alcohol volume consumed by the heaviest 
drinking 10% and 5 % of drinkers. The parametric models enable this type of calculation 
while they simultaneously correct the errors due to random variation. Other measures of 
concentration, such as Gini's index or Lorenz curves, can also be easily calculated from 
the models. 

A result that may seem somewhat surprising within the alcohol epidemiology tradition 
is that the lognormal distribution, in the form 'Y' — LN x LN (7.3), appears to be a 
reasonable approximation of Finnish distributions of volume consumed. As noted in the 
Introduction, the assumption of lognormality dates back to Ledermann (1956) and has 
been at the core of the alcohol policy discussions, usually under the title single distribution 
or single population theory (e.g. Bruun et al, 1975; Edwards et al 1994; for a critical 
view, see Duffy 1986, 1993). A part of the discussion has revolved around the question 
whether the observed distribution fits or does not fit the lognormal distribution. We have 
encountered lognormality again, by separating away within-individual variation both from 
the number of occasions recorded and the amounts consumed. In contrast to Tf, however, 
the distribution of Y is not lognormal. Y has an atom (a spike) at zero, and truncating 
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or normalizing away the zero consumers would only lead to a biased and non-lognormal 
estimated distribution. The lognormal distributions used in alcohol literature have not 
always been based on last week's method, but in case they have, they would have had 
different parameters and properties, had the methods developed in this monograph been 
used. However, the evaluation of the effects of this finding, if any, on control politicies or 
alcohol epidemiology is beyond the scope of the present monograph. 

In the next sections we review some other potential applications and generalizations of the 
models presented in this monograph. 

11.1 Uses of the regression approach 

The main use of the conditional expectation or regression approach of Chapter 10 is in 
panel studies where, for instance, one wants to study and regress changes over time on 
initial frequency, i.e. the value of l in the first period or wave. The well-known 'repeat—
buying' formulae and `conditional trend analysis' (e.g. Goodhardt and Ehrenberg 1967) 
of consumer purchasing behaviour studies are variants of this approach. Our results on 
E[A~L = 1] as well as on the use of E[L3IL1 = 1 ] are, to our knowledge, more general 
than those previously reported. Furthermore, the emphasis in marketing literature is usu-
ally on the frequency of purchasing and the volumes purchased are treated by various ad 
hoc methods. The present models might be valuable for some purposes in their ability to 
incorporate also the volumes consumed. 

While the regression approach is widely used in marketing studies, panel studies or 'before-
after' studies are not common in alcohol research. We hope that the approaches developed 
in this monograph will be useful in the re-analysis of existing data sets or will be used 
in future `before-after' alcohol studies designed to examine, for instance, the effects of 
alcohol policy changes. 

In cross-sectional studies the regression approach is valuable in assigning predicted fre-
quency and volume scores to the individuals of the sample. It was shown above that there 
is a considerable `regression towards the mean' effect in the predicted scores and that 
furthermore the predicted scores are not linear functions of the observed scores. Thus, 
in epidemiological studies relating alcohol to harm or to benefit, observed relationships 
may be attenuated if empirical scores instead of predicted ones are used as explanatory 
variables. 
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11.2 Comparison of survey measurement methods 

A special application of the regression models is in the study of response errors in con-
sumption surveys. Alanko and Lemmens (1996) presented a beta-binomial application 
where three methods of enquiring about the drinking frequency are compared. The com-
parison was based on a beta-binomial E[L3~L1 = l l ] type of regression approach where 
Ll stood for the number of drinking days as counted from a prospective diary and L3 
stood for last week's retrospective recall measure. By using the regression approach, the 
authors avoided the `regression towards the mean' bias. The expected drinking frequency 
was compared with the actual one, to find the values of Ll for which a response deviation 
between the two measures occurred. 

A study parallel to the Finnish 1992 survey was conducted by Statistics Finland in 1992 
with both prospective diary data and retrospective recall data (Heiskanen 1995). The 
above models could be applied to that data. The second comparison in Alanko and Lem-
mens (1996) concerns the respondents' ability assess their overall drinking frequency. Us-
ing the notation above, an analogous procedure would be to compare E[A~L = 1] from the 
retrospective recall measure with the self-assessed frequencies which are available in all 
three Finnish surveys as part of the variable-length reference period measure. In the same 
spirit, the systematic bias noted, for instance, in Figures 27 and 28 could well be studied 
by the regression methods proposed. 

11.3 The coverage problem: additional non-random 
measurement errors 

A further potential application of the models presented is to gain insight into the coverage 
problem. A serious problem of alcohol sociology is that population estimates from sample 
surveys do not recover the known per capita population consumption as recorded from 
taxation and sales data, for example. The present monograph has focused on random 
time-variation in the drinking behaviour as the source of bias in distribution estimation and 
on treating the `regression to the mean' effects in prediction problems. It may seem that 
once this source of error has been analysed and `true' distributions of A and EE estimated, 
one might proceed to models where the means of A and ° on the one hand and those of 
the marginal distributions on the other are not equal. With a short reference period and 
infrequent occasions it seems, however, very hard to use the models of memory lapses, 
presented in the literature (e.g. Sikkel 1985) as a basis for adjusting the estimates. Perhaps 
ad hoc procedures, where different functions of the random variates A and ° are tried out, 
may illuminate the magnitude of the effects of the coverage problem. For that purpose, 
denote the known per capita consumption by C and define functions g and h such that 
E[g(A)h(°)] = C > E[AE]. There appears to be no way to identify the functions but 
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still, some interpretationally simple functions might be useful. For instance if g(,\) = as 
where a > 1 is a constant, one might interpret the coverage problem as the thinning 
of each original consumption process, with rate a), by a constant factor. Similarly one 
might specify a monotonically increasing function h(~) of meaning that persons with 
very high average per occasion consumption are likely to forget a larger proportion of 
their consumption than the light drinkers. However, all such enterprises must be seen as 
highly speculative. It is unlikely that there will be a satisfactory answer to this problem 
without extensive, carefully designed validation studies in which representative samples 
are both interviewed and monitored for factual consumption. 

11.4 Problems for further research 

While it is customary to complain about the low validity of self-reported data, no attempt 
has been made to correct the systematic measurement errors in this monograph. There 
are several other aspects of the models requiring further research. For instance, it remains 
unclear how common entirely regular consumption with respect to time and amounts con-
sumed is in general populations. The analyses made in connection with the present study 
suggest that such behaviour may be much less common than one would intuitively guess. 
Again, the relationship between irregularity of reported behaviour and systematic mea-
surement error remains unknown. 

We have restricted the search for fA ( . ) and f f (•) to three well known two-parameter distri-
butions. While it is possible to model Finnish consumption data using these alternatives, 
it is equally possible that for some other data sets no commonly used parametric model 
meets the requirements. In such cases one might want to replace f,~(•) and ff(•) by; say, 
dF,~(•) and dFE(•) and to use more general methods, developed mainly within the empir-
ical Bayes tradition. 

Some of the modelling efforts have brought forward the obvious technical similarities 
between mixture models used here to describe the population and Bayesian statistics. In-
deed, the most promising way to enhance the present models, either within the parametric 
framework or with more general priors, would seem to be through the Bayesian paradigm. 
We conjecture, for instance, that while we had to set the individual level index v equal to an 
integer v = 2 in Section 3.1.1, one might use models with non-integer v through Markov 
chain Monte Carlo techniques. Similarly, it was pointed out in Section 8.1.3 that the dif-
ficulty of estimating the parameters might well be solved by the use of these techniques. 
Finally, it seems also advisable to use classical model simulation as proposed by Duffy 
and Alanko (1992) to explore some of the survey coverage questions described above. 
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Appendix A Moments of the condensed Poisson distribu-
tion 

Let the number of events, K = 0, 1, ..., in a reference period of unit length follow a 
Poisson distribution with mean µ. Every other event is censored, starting randomly with 
the first or the second event. The map from K to L is 

number of events 
K 0 1 2 3 4 ... 
L 0 0orl 1 lor2 2 ... 

It follows that Pr(L = 0) = Pr(K = 0) + Pr(K = 1)/2 and for 1 = 1, 2, ... that 
Pr(L = 1) = Pr(K = 21) + {Pr(K = 21 — 1) + Pr(K = 21 + 1)}/2 i.e. the number of 
remaining events, L = 0, 1, ..., follows the condensed Poisson distribution. From these 
formulae the moments of L can be calculated directly (Chatfield and Goodhardt 1973) but 
for the mean and variance we use the formulae (3.9) and (3.10), connecting conditional 
and marginal means and variances. 

It follows from the map K — L that for any k = 0, 1, 2, ..., the conditional mean 
E(LI K = k) = k/2, and therefore, that 

E(L)=EK[E(LIK)]=E1 [2
] 

— 2. 	 (Al) 

To calculate var(L) we need the probabilities that K takes an odd or an even value. By 
considering the power series expansions of sinh(µ) and cosh(µ) 

sinh(fc) _ 

cosh([c) _ 

it becomes obvious that 

e/-` — e—P` 	s 	s 
2 =[,+3~+5i +.. 

eµ+ e—l' 	µ2 µ4 
2 

Pr(K is odd) = 2 (1 — e 2 ), and Pr(K is even) = 2 (1 + e 2 ) 

The conditional variance of L, given that K is odd, can be written for n = 0, 1, 2, ... , 
as var(Llk = 2n + 1) = -1. Given that K is even, the conditional variance is, for n = 
0, 1, 2, ... , var(LIh = 2n,) = 0. The marginal variance is accordingly 

var(L) = var jc[E(LI K)] + Ejc[var(L(K)] = varK [K] + Pr(K is odd) 

= 4 + 8 (1 — e 2 ). 	 (A.2) 
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Since we assume in Section 3.1.2 that the rate of the original Poisson process is µ = 2. it 
follows that 

	

E(La) = A, 	var(LI v) = 2 + g (1 - e-4a). 	(A.3) 

Appendix B Properties of modified Bessel functions 

The properties of modified Bessel functions are described below merely to the extent they 
are needed in the present monograph. The fundamental property is the following integral 
representation. K,,, the modified Besse] function of the third kind (sometimes called the 
second kind) of order v, has, for Re(z) > 0, Re(a2z) > 0, the integral representation 

K„(az) = i a' f t—i—l exp{— 2z(t + a pt—i )}dt 	 (B.1) 
0 

(Erdelyi et al. 1953, p. 82, formula 23). Further properties of K, are 

Kv = K—v 	 (B.2) 

(Abramowitz and Stegun 1968, formulae 9.6.6, 10.2.16). The modified Bessel functions 
K of half-fractional order satisfy, for integer n, Re(z) > 0, 

K 	= , (z) 	~r e _ z 	(n + 	 k 	B.3) n+z 	2z 	k!(7a — k)! k—o 

(Abramowitz and Stegun 1968, formula 10.2.15) and can thus be computed as a finite sum 
in closed form. For instance, 

Kt z (z) =2z e—z , 	 (B.4) 

F77Z 
1 Ka (z) = 	 e z (1 + z). 	 (B.5) 

For modified Bessel functions Ko and Kl , polynomial approximations are available. 
(Abramowitz and Stegun 1968, formulae 9.8.5 - 9.8.8 ). For the general order v, numerical 
algorithms are available (Press et al. 1992, pp. 241-243). 

We will illustrate application of (B. 1) by deriving the moments and the Laplace transform 
of the IC -distribution in Appendix C. In the present work the distributions involving the 
modified Bessel function K, such as (3.18), (4.5), (4.8), (7.4) and (7.5) were all derived 
using (B.l). A single example, the derivation of PIG (3.19) used in CPIG (3.18), is 
given in Appendix D. Detailed derivations of the other distributions mentioned above are 
tedious but straightforward applications of the same technique. The derivations are omitted 



but they are available from the author on request. 

Appendix C Mean, variance and Laplace transform of the 
prior distributions in the present work 

To fix notation and for ready reference, we review the basic characteristics of the gamma, 
G(µ, ,Q), the inverse Gaussian, IG(µ, 0) and the lognormal, LN(µ, /02 ) distributions. The 
density function of the random variable U is denoted fu(u; /c, /3), and in all three cases 
defined different from zero only for u > 0, The Laplace transform is defined, for positive 
real argument s as fu(s) = fö e— SU fu(u)du. 

Cl The gamma prior U — G(µ„(3) 

Both parameters are positive, tt > 0, ,Q > 0, and the density is 

((3/µ)Rua —,exp{—(//)u}  
fu(u, p, I3) = 	I'(3) 

where F(/3) = fö t' —lexp(—t) dt is the gamma function. The integrals defining the 
moments are, by a change of variable, readily reduced to the definition of the gamma 
function. One finds that the mean, variance and coefficient of variation are, respectively, 

E(U) = µ, 	var(U) — 
fL

-- , 
	C(U)- 	 (Cl) 

The Laplace transform is calculated by a change of variable, and is 

	

ru(s) = (1 + 
) 
	 (C.2) 

It follows from the expression of the density that for c > 0, cU — G(cµ, ,Q). 

C2 The inverse Gaussian prior U N IG(µ„Ci) 

The IC -distribution is less well known than gamma. We state the properties of the distri-
bution first and then proceed to deriving some of them via (B. 1). For µ > 0, /3 > 0 and 
C > 0, 
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u—t z 
fu (u, ft, 	 ) = 	21 3 exp —~

2tzu
~ 

E(U) = 	ft, 
var(U) = 	113 /3, 

C(U) _ 	, (C.3) 

EU(S) = 	exp 	1 — 
t 

2µ2s 
1 + 

cU — 	IG(cft, c,3). 

For the derivations, the IC -distribution is first expressed in a suitable form as 

u— 

	

 
.fu(u; l-t„0) _ 	3exp{ 	2 l 

	

_ 	u—(1/2)-1expi 
f lexp 1-1 0 \u + kt2 1} } E 	Ez 

It follows that 

E(U) = 
JO,>0 

u 0 exp{ } u—(1/z)-1exp I— 2  

_ 	exp j ~ l 	u ( i /2) iexp ~-1 	(U+ 2!   µ2l 
J 

du 
111 	o 	 E 

_ exp N 1 2111/2 

l 11 

	

x [1~1 —1/2Fu—(-1/z)—lexp (— 2 	j u+ft z du] 
  l 	E z \ 	JJJ 	J 

= 2Et1/2 13 	 /i 

	

2'/ 	

f JJ 

= 2µ1/z l exp 
	X

exp 
F 	 µ 

In order to use (B.1) and the arguments a and z of (B.1), one needs to recognize that 
v = —1/2, z = ,3/µ2 , az = µz and thus az = ,3/µ, leading to K-1 / 2(/3/µ). The second 



to last line is based on (B.4). Similarly the second moment is, using (B.5), 

E(U 2 ) =  fo u2 	exp{ } u—(1/2)-1exp { —2 ~0 (u + Ec 2 u) } du 

_ 0exp~- 
~u—(-3/2)-1exp{_2 

(u+µ2u)}du f 	o 

= 2µ3/2 O exp 2 }K-3/2(0/[1) 
lµ 

c3 
= ft2 + /3' 

and hence 

var(U) = Ec3 /o. 

Next we will derive the Laplace transform of the IC -distribution. This result was first 
given by Tweedie (1957) and was presumably derived by him as follows 

ru (s) = 
i: 

e—su l exp J l u—(1/2)—lexp 
{_2 

 ~0 7u + µ2 _ / } du 
IL I 

_ 	'3exp
ffi

f u—(1/2)-1exp{-2'0+2µ2s lu+ 
/3[L2 i\

1\ }du 
 o 	l 	f 	\ 	(d + 2µ u JJJ 

_ 2 I ~~L2 J 1/4 	ex < 0 } 1 

(_ [L
N211/4

Q+2µ2s 	 p l 	 ~+22sJ 

x 
 fo

w 2c —(1/2)—leap{ 1f3+ 2µ2s (u 0112 1 du 
 l 2 µ 	Q21128u 

( l 2s
= 2 	/

c2~ 
	)-1/4

~exp{ 2 }Kl /2
3+2µ2 s 	2~ 	lµJJJ 	µ 	/3 

= 2 (_/3112 
 )-1/4 
	ex { 3}

\Q+2µ2s 	y IT 
exp 

x 	(0 + 2µ2s)01 	— 
—1/`s ex 

 
2 µ2 l p µ 

— exp N 
—~ 1+2~c 8s 

µ 

Q 	2µ2s = exp µ 1 — 1 + 	 (C.4) 
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For the use of (B.1), one needs to recognize that v = 1/2, z = Q + 
2 2 s a = 
µ2 

2 Q3µ 
0 + 2µ2S 

a = 	~fc2 z 	and az = 
+2µs 

(~ + 22czs) ~ _ 
µ 

• 1 + 2µ,2s leading to Kl ~ z 1 + 2Fc2s 
i  

on the third line. 

Finally, the property cU — IG(cµ, c13) follows directly by a transformation of the variable 
U. 

C3 The lognormal prior U — LN(µ, j32) 

The parameters satisfy —oo < Ec < +oo and ,0 > 0. The definition of U — LN(1t, 02 ) is 
that log(U) — N(µ, 02 ). It follows from the theory of transformations that the density of 
the lognormal distribution is 

u-1 1 (logu — ~c)2 
fu (u; µ, ,Q) = 2~r—exp — 2 	 2 	. 

To calculate the moments E(U")for k = 0, 1, ...we note that E(U k ) = E[exp{klog(U) }]. 
Since log(U) = V — N(µ„(32 ) the expectation is that of the function exp(kV) with re-
spect to the normal density. This integral is readily calculated by completion of the square 
in v, 

+~ 	_ z 
E(U) = 	1 	exp(kv)exp 	(v2 2c) 	dv 

27r~3 	 ~3 

k232 
= exp (kµ + 	) . 

Insertion of k = 1 and k = 2 shows that 

E(U) = exp(µ+ 2 Qz ) 	var(U) = ezc e~2 (ell —1), 	C(U) = e~2 1 (C.5) 

The Laplace transform cannot be expressed in closed form but has to be used as 

00 
	

(logt 	
2 

ru(s) = 1 	t—iexp —1 	2 tc) —st åt 
2~r0 0 	 2 	/~ 0 

(C.6) 

For c > 0 appeal to log(cU) =log(c)+log(U) gives cU — LN(µ+log c, /32 ) 
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Appendix D Miscellaneous derivations 

D1 Derivation of the Poisson-inverse Gaussian distribution 

Let A — IG(fc, /3)and let KIA — P(.\). Then K — PIG(µ, ,Q). The result was given by 
Holla (1966). The marginal distribution of K given in (3.19) can be derived directly from 
the definition. Fork > 0, 0 > 0 and k = 0,1, ... , 

.fx(k;It, ) = i:.friin(k;a)fA(A;w,(~)da 
0 

_ 
fo— e k! 	

ö —(1/2)—ieXpJ ~ l
exp I-1 	

(~\  

1 	exp{ 1 
fo k! 2~r lµJJ 

x exp {
E~ 

1 13+ 21
12 CA + iµ2 1 ) dÅ 

2 ft2 	 0 + 2 2 
2 	(k-) 	2 	(k-) 2 = 

	exp~ C~~ ~ 2[t2 / 	2 (0+21 +2 
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Again, to use (B.1) one needs to recognize that v = —k + 1/2, z = + 
Fc 

z ~c 	az = 

0[12 	 /3f12 	 (i3 + 2112 )Q 	0 1 	2[12 	leading 
(j+2~c 	 ~, 	 c 	 c 

2 
to Kk,-1/2 — 1 + 2 	on the last line. 

c 

D2 Derivation of the conditional expectation of A, given 1 

The expectation E(A1) given in (10.10) is, for 1 = 0, 1, ... , 
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ERRATA 
Timo Alanko, Statistical models for estimating the distribution function of alcohol con-
sumption. 

p. 26: YJ(L = 1) — G(l~, 6) should read Y~(L = 1) — G(lL,16). 
p. 60, formula (6.8): replace µ3 by '1)3. 
p. 66: X 1L EIA should read L 1L HIA. 
p. 68: YI(l, ) — G(l~, 6) should read YI(1, l;) — G(1 ,16). 
p. 85, formula (9.2): The last two lines should read 

l 2 
= EftIAMÅ)[ 12~2 + b 

= 1;2[(2 1)~ + A2 + 8 (1 — e-4a)] 

p. 85, formula (9.3): The last line should read 

= E(~2)[(2+ i)E(A)+E(A2)+8(1-£A(4))] 

—[E(A)]2[E(E)]2 • 

p. 86, Table 11 should read 

Year Gender Proportion of 
within-individual 
variance in percent 

1992 males 35.0 
1992 females 49.0 
1984 males 43.2 
1984 females 54.2 
1976 males 26.2 
1976 females 43.4 

p. 88, formula (10.2): Omit subscript from Ii in two instances. 
p. 91, first formula. The line should read: 

2 
I 	~fx~~,L, l)f)d 	= r(16)r(Y1) \ vi / 	 (ls) 

x 2'/2(15 1 —i)K15_ 	2 1671 
'r,-1 	vi 
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